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ABSTRACT

Fast QR decomposition algorithms based on backward prediction
errors are well known for their good numerical behavior and their
low complexity when compared to similar algorithms with forward
error update. Their applicaiion to multiple channel input signals
generates more complex equations although the basic matrix ex-
pressions are similar. This paper presenis a unified framework for
a family of multichannel fast QRD-LS algorithms. This family
comprises four algorithms — two basic algorithms with two dif-
ferent versions each. These algorithms are detailed in this work.

1. INTRODUCTION

Digital processing of multichanne! signals using adaptive filters
has recently found a variety of new applications [1] such as color
image processing, multi-spectral remote sensing imagery,
biomedicine, channe! equalization, stereophonic echo cancellation,
multidimensional signal processing, Volterra-type nonlinear sys-
temn identification, and speech enhancement. This increased num-
ber of applications has spawned a renewed interest in efficient mul-
tichannel algorithms. OCne class of algorithms, known as multi-
channel fast QR decomposition least-squares adaptive algorithms
based on backward error updating, has become an attractive option
because of fast convergence properties and reduced computational
complexity.

In the case of one single channel, a unified formulation for
Fast QRD-LS algorithms is available in [2]. In this paper, the basic
algorithm proposed in [3] is studied and a new formulation is de-
veloped for the family of multichannel fast QRD algorithm based
on backward errors.

This paper is organized as follows. [s Section 2 we present
the matrix equations for the Multichannel Fast QRD-LS algorithm

based on g prieri backward error updating, named MC FQR_PRIB.

Section 3 addresses the MC FQR_POS_B (a posteriori backward
errors updating). In Section 4 we present two different versions
for each algorithm and, among them, two algerithms that hadn’t
been proposed before. Section 5 shows computer simulaticns with
one of the proposed algorithms. Conclusions are summarized in
Section 6.

*This work was partially supported by CAPES, Brazil.

tSupported by the FAPERJ from Brazil (grant no. E-
26/171.307/2001) :

0-7803-7523-8/02/$17.00 ©2002 IEEE

2. THE MULTICHANNEL FQR PRI B ALGORITHM

In this work IV is defined as the number of filter coefficients and
M is the number of input channels. The objective function to be
minimized according to the least-squares (LS} algorithm is defined
as

k
Ers(k) = Z At (i) = eT (k)e(k) (1

where e(K) = [e(k) A'/Ze(k - 1)
error vector and may be represented as follows.

T
A""’e(O)] is an

d(k) =], (k)
A4k~ 1) A‘fzz?'v(k -1}
e(k) = ) - : W (k)
A"/";d(o) A'ﬂfﬂ‘-a}{,(n)
= d(k) — Xn(E)W n(k) (2)
and
sh(k) = [of ol - olwn] &)

where z; = [z1(k) z2(k)
at time instant k.

If we have U (k) as the Cholesky factor of X n (k), obtained
through Givens rotation matrix @y (k), then

z (k)] is the input vector

eq(k) = Qn(Ke(k) = [ EZ;E:; }

- [ g:;g:; ] - [ UN“(K) ]WN(k) @

Assuming the use of forward prediction, we define the matrix
X n41(k) as follows,

d; (k) oT

O¢pr—1)x(MN+ M)}

(5

Xnik—1)
Xypa(k)= [ }

where ds(k) = [£x  A/2@e_y - N 2mo] T isthe (k+1) x M
forward reference signal.
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U w41{k) can be obtained by applying Givens rotations to (5)

as follows
-1
[0 o 1] ww Xnle—1 ]z
MM O(M —1)x( M N+ M)
D8 -1
-| i v | e

OrM - 1)x(MN+A1)

It is possible to premultiply (6) by a series of Givens rotations
Q(k) and Q' (k) that zeroes its first kK — M N rows and per-
forms a triangularization process. The resulting null section can
be removed as shown below

Unaa(k) = Qpy(k) [ d}-f"qf((kk)) UN(:; -1) } -

where (k) are rotation matrices that perform the triangulariza-
tion process.
Based upon the above equation it is possible to obtain

- o E7 k) ,
[vasiw] ™" = [ vt -1 —ute- I{d,qz(k)E;I(h) ]Q e &)
and
0 eq dsq2(K)
[ E%(k) ] --Qa}(k)[ E;(k) 9

where E$(k) corresponds to the zero order forward error covari-
ance matrix.

In the MC FQR_PRIB algorithm, the a priori backward pre-
diction error vector is updated as follows [4].

an(k) = NPURT(E = Dow (k) o)
From the definjtion above and (8) it is possible to obtain
a4 1) = @tk | 20 an
where
r(k+1) = M2 EFT (k)& (k + 1) (12
and [4]
&tk +1) = v(k)erquk +1) (13)

where €541(k + 1) is obtained as follows.
Algebratc manipulations based on the Givens rotations applied
10 (6), generate the following equation using the fixed order matrix

Qolk).

[ & (k+1 i
iy |- ew im0

Similarly, it is possibie to obtain

I of = &ralk+1)
_Ef(k+1)}_o‘f(k+1)[ AT, k) ] (13

The following equaticn is used to update Q4(k + 1):

1/.,.(,1(;4— 1) ] =Qo(’°+1)[ _a(kl+ 1) ] (16)

Finally, the joint process estimation is performed by the following
expressions [1]

a1 k+1 _ d(k+1)
[ Zngk'f']; ] "Qﬂ(k+1)[ Ai'lzdtﬂ(k) ] (17)

€ (k) = eq1(R)/1(k) = e(k) /7" (k) (18)

Eguation (12) requires a matrix inversion operation which can

be numerically unstable. In erder to avoid stability problems we
can use [3)

* ] _ = 1fy(k +1)
[o ] ‘Qr('“'l)[ —r(k+1) (19
The resulting equations are summarized in Table 1.

Table {: The Multichannel FQR_PRI_B Equations.
MC FQR PRI B
1. Obtaining dsq2(k + 1)
~T T
sk +1) - Erg1
[ dralk+1) | = D8 g gy
2. Obtaining Es(k + 1)

oF = &5tk +1)
[ 5y | =@ TuE0 )
3. Obtaining en (k + 1)
an (k) ]

anyi(k+1) = Qu (k) { r(k+1)
4. Obtaining Qp,(k + 1)

e dyoalk +1)
B3k +1) “Qﬂf("'”)[ Bk +1) ]
5. Obtaining Q4 (k + 1)

Yk +1) | _ |
[ G = @een ] iy |
6. Joint Estimation

ealk+1) | _ d(k +1)
[ dyalk + 1) ] =Q(k+1) { AV2d s (k) ]
7. Obtaining the a priori eror
e(k+1)=enlk+1)/y(k+1)

3. THE MULTICHANNEL FQR_POS B ALGORITHM

To derive equations for this algorithm, we update the a posierior
backward prediction erors vector as in [4]

Fapr(k+1) :U1_v11-.1(k+1)XN+l(k+ 1) (20)

From (8) and the expression above, we obtain

fN+x(k+1)=Q:9f(k+1)[ p{,—fik}) ] (21)
where
plk+1)= E;T(k+1)&;(k + 1) 22)

Also from [4], we have the following expression, similar to its
single dimension counterpart.

Qe(k"‘l)[ o ] = [ AR ] @)

All other equations are taken from Section 2; the complete
algorithm is summarized in Table 2.
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Table 2: The Multichannel FQR_POS B Equations.
MC FQR_POS_B
1. Obtaining dy,2(k + 1)

~T T ’
ey 1(k + 1) — Tiy1
Loy ] =eom i
2. Obtaining E;(k + 1)
T

: 0 5 ek +1)
[ Bk +1) ] =Q;k+1) [ NP E (k)
3. Obtaining Qy,(k + 1)

0 )

ES(k +1) ] = Qe+ 1) [
4. Obtaining f{k + 1)
frraflk+1)=Qy;(k+1) [ p{];:gc}) ]
5. Obtaining Qg(k +1)

k+1)
Qlk+1) [ : ] [ PAARS

6. Joint Estimation

equ{k+1) | _ 4k + 1}
[ da(k+1) | ~ Qolk+1) A2y (k)
7. Obtaining the a priori emror
elk+ 1) =epnlk+ D)/ylk+1)

digz2(k +1) ]
E;k+1)

4. THE DIFFERENT VERSIONS

The different versions presented in this section are based on the im-
plementation of a particular matrix equation. For both algorithms
we have a matrix equation with the following structure (step 3 and
4 in Tables 1 and 2, respectively)

wlk+1) = Q,,f(k+1)[ ﬁ(k(+)1)] 24

where A{k + 1) is a vector of order M, and is updated without
using any prior knowledge of any element of u(k + 1).

For the first version of each algorithm, we assume that the

inverse of Q' ;(k + 1) corresponds to Q’g} (k + 1). Therefore, it
i§ possible to show that

vilk + 1}
: =
wplh 4 1)
Ak
I o ° [ ‘0
' .
] COLG N bt ) ] '"‘flM;'+.+l L)
a i ° TMNFM—j—a—2 s 9 °
Li L2| @ _"“9M;’+l+l 0 :°'9Mj+|+1 o
o 0. o [ I,
wglk +1)
ik +1)
% . (25)

upy (k4 1)

where Llisfrom j = 0to MN — land L2 is froms = D 10
M-1
It is possible to update v(k) based upon u(k + 1) if ey 41 (k+1)
is previously known.

For the second version of this algorithm, equation (11} is used

directly. The resulting operations are shown below

I ° ° o o
! int
O corpatitati o “Hinanmitedr O
o , 9 IMNtM=j—s-2 ,° o
L3 L4 [+] RALY TY ] L1} CONg A ibntl o
° o ° ¢ I,
vilk 41}
x : (26)
v (k4 1)
Ay

where L3 isfromj = MN —1to0and L4 isfroms = M — 1
to 0.

4.1. The Multichannel FQR_PRI_B: Versions 1 and 2

When equation (11) was derived, the last element of an (k-+1) was
known before its updating process. It is known that this element
is equal to A~ Y2 [ES (k)] ™7 @441, This property is used in MC
FQR_PRI_B_1, which is the first algorithm version introduced in
this paper. Table 3 shows pseudo code for MC FQR_PRI.B step 3
using Matlab® (Obtaining an (k + 1)).

Table 3: The MC FQR_PRI_B: Version 1.

aux = inv(Ef 0)* * x{k+1,
tempa = a;
a(M*(N-1)+1:L) = aux;
for j = 1:N-1
for i = 1:M
for s = 1:M
a{M*(N-j)-1i+1) = (tempa(M*{N-j+1}-i+1)...
- aux(M-s+1)*sinp (M* (N-j+1) -i+1l,.8)) ...
/ coep(M * (N-j+1)-i+1,s};
tempa (M* (N-j+1)-1+1) = a(M*(N-j)-1i+1);
aux{M-s+1) = -al{M * (N-j)-i+1}
*sinp(M* (N-j+1)-i+l,s8}+aux{M-s+1} ...
*cos.p (M* (N-j+1)~1i+1,s8};
end
end
end

B

:}*/(lambda ~ (.5)});

The second version of the MC FQR PRI_B algorithm is based
on the direct computation of ax(k + 1) according to the matrix
equation. This version was introduced in [3] and the corresponding
implementation is presented in Table 4.

4,2, The Multichannel FQR POS_B: Versions 1 and 2

When (21) was derived, the last elentent of f 5 (k + 1) was known
prior to its updating process and was equal o [E‘} (k+ 1)] -T Thi1.
This property generates the first algorithm version known as the
MC FQR.POS B_]l. Table 5 presents the implementation of its
step 4 (Obtaining f 5 (k + 1}). The second version of the Multi-
channel FQR_POS B algerithm is based on the direct computation
of f, {k + 1) according to the matrix equation. This version was
introduced in [5] and its implementation is presented in Table 6.
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Table 4: The MC FQR_PRI_B: Version 2.

‘Table 6: The MC FQR_POS_B: Version 2.

for i M
for s = 1:M
templ = a (M*j + i};
temp2 = r(M - 8 + 1);
a [M*(j - 1) + i} = templ
*cos.p (M*{j - 1) + i, 8) ...
- cemp2*sinp (M*(j - 1) + i, 8);
a (M*j + 1) = a (M*(J - 1) + i);
r (M -8+ 1) = templ ...
*ginp (M*{j - 1} + i, s} ..
+ temp2*cosp (M*(f - 1) + 1, 8&);
end
end
end
a(M*N + 1:M*N + M) = r;

for j = 1:N
= 1:

Table 5: The MC FQR_PQS_B: Version 1.

aux = inv(Ef.0)’ * x(k+1,:)';
tempf = f;
f(M*({N-1}+1:L} = aux;
for j = 1:N-1
for i = 1:M
for 8 = 1:M
F{M*(N-j)~i+1) = (cempf {M* (N-j+1)-1+1) ...
- aux(M-s+1)*sinp(M* (N-j+1)-i+1,8)}
/ cos.p(M*(N-j+1)-i+2,8}:
tempf (M* (N-j+1)-i+1) = £(M*(N-j}-i+1};
aux {M-s+1)} = -£(M*(N-j)~i+l)
* sinp(M*{N-j+1)-1i+1,58)
+ aux{M-s+1) * cogp{M*(N-j+1)~i+1,8);
end
end
end

5. SIMULATIONS

This section presents simulation tesults of the Muhichannel
FQR_POS B algorithm version 1. The algorithm was used in a
system identification problem with M = 5 channels, each one
with V = 10 coefficients. The input signal to each channel was
colored noise with eigenvalue spread equal to 350 and observed
noise with variance corresponding to —40dB. The forgetring fac-
tor was set to A = 0.95. Fig. | presents the MSE (in ¢B) over an
ensemble of 20 independent runs. 1t is worth noting that all other
versions present identical learning curves in infinite precision.

6. CONCLUSIONS

This paper presents a unified framework for Multichannel FQR al-
gorithms based on backward error updating. Different algorithms
were derived using the same notation, therefore highlighting their
similarities and differences. ' Alternative and more efficient forms

! An extended paper with detailed descriptions of the algorithms and
Matlab® codes, are available for downloading via internet at the web page
http:fiwww.ime.eb.br/apolin

p = inv(Ef)’*efgl’ * gamma;
for j = 1:N
for i = 1:M
for s = 1:M
templ = £ (M * § + 1i);
temp2 = p{M ~ 8 + 1};
£ {M*(§ - 1) + i} = templ ...
vcosp (M¥(j - 1) + i, 8) ...
- temp2*sinp (M*{j - 1} + i, s};
£ oAM*) + 1) = £ (M*(j - 1} + i)y
p (M -5 + 1) = templ
*gingp (M*{j - 1} + i, s) ..
+ temp2*cos.p (M*{j - 1} + i, s});
end
end
end
f(M * N + 1:M*N + M) = p;

5 L L n " L

00 0 00a
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H
H
]
~§
H
g

Figure 1: Learning Cuarve of the MC FQR_POS_B, Version 1.

— such as the MC FQR_PRI_B_2 algorithm in [3] — are currently
under investigation.
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