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Abstract— The conventional QR Decomposition (QRD)
method requires order ��� —O[ ��� ]—multiplications per
output samples.However a number of fast QRD algorithms
have beenproposedwith O[ � ] of complexity. Particularly
the FastQRD algorithm basedon a posterioribackward pre-
diction errors is well known for its goodnumerical behavior
and low complexity. This algorithm hastwo distinct versions
and, in order to decidewhich oneto choosefor agivenimple-
mentation, its infinite precisionanalysisof the meansquare
valuesof the internal variables would be required. In addi-
tion to this implementation issue,the finite-pr ecisionanal-
ysis requiresthe estimatesof thesemean square values. In
this work, we first presentan overview of the Fast QRD al-
gorithms basedon a posteriori backward prediction errors,
followed by an infinite precisionanalysisof the steadystate
meansquarevaluesof the internal variables. Finally, the va-
lidity of the analytical resultsare verified by computer sim-
ulations carried out in a systemidentification setup. In the
appendices,the detaileddescription of eachimplementation
is listed.

I . INTRODUCTION�
INCE thefirst QR DecompositionbasedFastRLS al-
gorithm introducedby JohnCioffi in 1990[1], many

other Fast QRD-basedRLS algorithmswere developed
[2], [3], [4], [5], [6]. It is known that the fastQR algo-
rithms basedon backward predictionerrorsupdatingare
minimal in systemtheorysenseandbackward stable[2],
[7]. This work is focusedon the studyof the FastQRD
algorithm basedon a posteriori backward predictioner-
rors, which is well known for its goodnumericalbehav-
ior andlow computationalcomplexity. This algorithmhas
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two know implementationsandthechoiceof thebestone
is not aneasytask,speciallyin fixed-pointarithmeticim-
plementationsusinga reasonablylarge numberof bits of
wordlength. The properchoicerequiresan infinite pre-
cision analysisof the meansquarevaluesof the internal
variablesin orderto addresstheimplementationcomplex-
ity of thefixed-pointarithmeticimplementation.In addi-
tion, thefinite-precisionanalysisrequirestheestimatesof
thesemeansquarevalues.

It canbeseenon [5] thatfastQRD-RLSalgorithmscan
be classifiedin termsof the type of triangularizationap-
plied to the input datamatrix (upperor lower triangular)
andtypeof errorvector(a posteriorior a priori) involved
in the updatingprocess. It can be seenfrom the Gram-
Schmidtorthogonalizationprocedurethat an uppertrian-
gularization(notationbeingthesameasin [5]) involvesthe
updatingof forwardpredictionerrorswhile a lower trian-
gularizationinvolvestheupdatingof backwardprediction
errors.TableI presentsthis classificationaswell aspoints
outhow thesealgorithmswill bedesignatedhereafter.

TABLE I

CLASSIFICATION OF THE FAST QR ALGORITHMS.

Error Prediction
Type Forward Backward

A Posteriori FQR POSF [1] FQR POSB [2], [6]
A Priori FQR PRI F [5] FQR PRI B [3], [4]

This paperis organizedas follows. In Section2, we
presentanoverview of thesefastalgorithms.Then,in Sec-
tion 3, theinfinite precisionanalysisconcerningthesteady
statemeansquarevaluesof eachinternalvariableis pre-
sented.In Section4, thevalidationof theanalyticalresults
obtainedis carriedout throughcomputersimulations.Fi-
nally, someconclusionsaresummarized.
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I I . THE FQR ALGORITHMS BASED ON BACKWARD

PREDICTION ERRORS

TheRLS algorithmsminimizethefollowing costfunc-
tion�	��
	�� �� ������� ��� ����� ������ �"!#��
	�$�%��
	��'&#�%��
	�(& �

(1)

whereeachcomponentof thevector

�)��
	�
is thea posteri-

ori errorat instant

�
weightedby
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is theforget-
ting factor).Thevector
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	�
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In (2),

02��
	�
is theweighteddesiredsignalvector, 4 ��
	�

is the weightedinput datamatrix of order 8 (the num-
ber of coefficients is 8:9<; ), and

67��
	�
is the coefficient

vector. Thepremultiplicationof theabove equationby the
orthonormalmatrix = ��
	� triangularizes4 ��
	� without af-
fectingthecostfunction.= ��
	�$�%��
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Theweighted-squareerrorin (1) is minimizedby choosing

67��
	�
suchthattheterm

0+F � ��
	� 3 R ��
	��6S��
	� is zero.Equa-
tion (3) canbewritten in a recursive form while avoiding
ever increasingorderfor thevectorsandmatricesinvolved
[8]:D � FIH���
	�0 FLK ��
	� N  =UT ��
	� D V ��
	��+W -$� 0 FLK ��
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where = T ��
	�7>X ����+Y = TLZ ��
	� is a sequenceof Givens
rotationsthat annihilatesthe elementsof the input vector[ ��
	��]\ ^_��
	�`^a��
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The following relation which is also usedin the con-
ventional QR algorithm is obtainedby postmultiplying

� ! F ��
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where

�_��
	�
is thefirst elementof thefirst row of =UT ��
	� .

Matrix = T ��
	� in (4) canbepartitionedas= T ��
	��ED �_��
	� 3 �2��
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where, using (8) in (5) and recalling that =UT ��
	� is or-
thonormal,it is possibleto provethat,for thecaseof lower
triangularizationof � �CB)� (backwardpredictionerrorsup-
date),

� ��
	���\ R ��
	�fe � ! [ ��
	� is thenormalizeda posteri-
ori backwardpredictionerrorvector[3],

�/��
	�� R � ! ��
 3; � 4 ��
	�I�o� � is thenormalizeda priori backward predic-
tion error vector[3], and

�7��
	�O �+W -$� \ R ��
	�fe � ! \ R ��
 3; �fe ! .
Theupdateof thea posterioribackwardpredictionerror

vector, � �CB)� , leadsto theso-calledFQR POSB algorithm.
Theupdateequationof this vectoris givenby� �L� * �c� W ,� � � * �c� W , �� ��
 9@; ���  ='�T$� ��
 9@; � � � ��
	�� � * �t� W ,� � � * �c� W , � � (9)

where = � TP� ��
	� is a sequenceof Givensrotationsthatgen-
erates

&�� � ��
	��& andit canbeobtainedfrom thefollowing
equation� Q&#� * �P,� ��
 9@; �(& �  = � TP� ��
 9@; � D

0 � F�K ��
 9@; �&�� � ��
 9 ; ��& N
(10)

For this algorithmandfrom thederivationof (9), it can
be observed that the last elementof

� ��
 9�; � , given by� * �c� W ,� �����r�� * �c� W , � , wasprecalculatedin the previous step. This

fact leadsto two slightly differentimplementationsof the
samealgorithm.Thefirst one,is basedonthisprior knowl-
edgeof the last elementof

� ��
 9<; � andthe secondone
is basedon thestraightforward computationof

� ��
 9�; � ,
therefore,requiringthecalculationof

� � * �c� W ,� � � * �c� W , � .
Thefirst versionof this algorithmwasintroducedin [6]

and its detaileddescriptionis presentedin Appendix A.
Thesecondversionof thisalgorithmwasintroducedin [2]
andits detaileddescriptionis givenis AppendixB.

I I I . MEAN SQUARE VALUES OF THE INTERNAL

VARIABLES OF THE FQR POS B ALGORITHM

The basic matrix equationsof the fast QR algorithm
basedona posterioribackwardpredictionerrorsarelisted
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in Table II. In this section,we derive the meansquare
valuesfor variablesencounteredin bothimplementations.
For the infinite precisionresultsof theFQR POSB algo-
rithm, all variableshave thesamenotationusedin its de-
taileddescription(Appendices).

TABLE II

THE FQR POS B EQUATIONS.

FQR POS B
for each��

1. Obtaining�d t¡C¢�£¤�¦¥¨§m© :ª¬«  t¡rc£¤�¦¥5§m©�d t¡C¢�£��®¥5§m©°¯²±´³¶µ £¤�·© ª ¸ £��z¥S§t©¹»ºL¼ �½�¾ m¡C¢�£¤��©°¯
2. Obtaining ¿_À· `£¤�z¥5§m©_¿ :¿aÀ· ·£��z¥S§t©2¿ ±ÂÁ « � t¡  £¤�z¥5§m©	¥ ¹ ¿aÀ· `£¤�·©�¿ �
3. Obtaining³°Ãµ   £¤�¦¥¨§m© :Ä Å¿aÀ"ÆÈÇ$É  £¤�z¥5§m©2¿ËÊ ±¨³¶Ãµ   £��®¥5§m© ª �  t¡ ¢J£¤�z¥5§m©¿_À   £��¦¥S§t©2¿Ë¯
4. Obtaining Ì2£��¦¥S§t© :ÄÎÍrÏ ÆÑÐIÒ º ÉÓ À Ï ÆwÐIÒ º É ÓÌ�£¤�¦¥5§m© Ê ±5³ Ãµ   £¤�¦¥¨§m© Ä Ì_£���©ÍfÔ ÆÑÐIÒ º ÉÓ À Ô ÆwÐIÒ º É Ó Ê
5. Obtaining³ µ £¤�z¥5§m© :ª §Å ¯²±´³°Õµ £��z¥S§t© ª×Ö £��¦¥S§t©Ì_£��z¥S§t© ¯
6. JointProcessEstimation:ª¬« ¡rc£��®¥5§m©�d¡C¢�£��¦¥S§t© ¯²±¨³ µ £��®¥5§m© ª:Ø £¤�z¥5§m©¹»ºL¼ �½�d¡C¢�£¤��© ¯
7. Updatingtheoutputerror:« £¤�¦¥S§t© ± « ¡rt£��z¥S§t© Ö £¤�¦¥5§m©Ù

A. MeanSquare Valuesof ktlÚn�p � ��
	� and n �fq p � ��
	�
Thefollowing resultscanbefoundin [9].Û \ ktlon � p � ��
	�fe�Ü � (11)Û \ n �rq � p � ��
	�fe+Ü ; 3 � (12)

B. MeanSquare Valueof

� * �Ý,� FPH ��
	�
Thefollowing resultwasfirst derivedin [10].Û�Þ \ � * ��,� F H ��
	�fe �Gß Ü@à ���áãâ �;/9 ��ä � (13)

C. MeanSquare Valueof

V � F � Z ��
	�
Thefollowing resultwasobtainedfrom [10].Û å \ V � F � Z ��
	�fe �`æ Ü à ��;#9 � áçâ �;/9 � ä Y � W � � (14)

D. MeanSquare Valueof

&#� * ��,� ��
	��&
Thefollowing resultcanbefoundin [10].Û \¤&®� * ��,� ��
	�(& � e�Ü à ��; 3 � á â �;/9 � ä � (15)

E. MeanSquare Valuesof ktlÚn�p ��LZ ��
	� and n �rq p ���Z ��
	�
Thefollowing resultswerealsoderivedin [10].Û \ ktlon � p ���Z ��
	�fe+Ü â �;�9 � (16)Û \ n �rq � p ���Z ��
	�fe�Ü ; 3 �;#9 � (17)

F. MeanSquare Valueof

� * ��, ��
	�
It is known from the technicalliterature that

�_��
	�SX Y����� ktlÚn�p � ��
	� . If we use(11) and(12),andassumeinde-
pendencebetweenktlon�p � ��
	� and ktlÚn�ptè ��
	� , ��éÂê , it is easy
to find thenext expressionÛ Þ \ � * ��, ��
	�fe � ß Ü � �

(18)

Thesameexpressionwasalsoobtainedin [11] usingadif-
ferentapproach.

G. MeanSquare Valueof

V F � Z ��
	�
The following resultswasfirst introducedin the litera-

turein [9].Û \ V �F �Pë�ì H�í Z ��
	�fe�Üî �IïW � ïGð � î#ñ KòW � ïGó ��mô � 9 ñ KòW � ï(õ Yè ��� � W ó ��mô è ð
(19)

where

ó ��mô �  Û \ ó �� ��
	�fe
. Observe that although

ó �mô �
is

not available,a roughestimateof

à �� ó ��mô � canbe obtained
basedon thepower of thereferencesignal[9].

H. MeanSquare Valueof

� * �Ý,FPH ��
	�
From the joint process estimation part of the

FQR POSB algorithmwetaketheexpressionsof

� * �Ý,FPH ��
 9; � and

V F �Pë�ì KLí Z ��
 9�; � , and usethem to derive the ex-

pectedvalueof

\ � * ��,FPH ��
 9�; �fe � 9 \ V F �Pë¾ì KLí Z ��
 9]; �fe � . By
assumingstationarity, we find thefollowing relation.Û Þ \ � * ��,FPH ��
	�fe � ß  Û Þ \ � * � � W ,FPH ��
	�fe � ß3 � ; 3 � � Û \ V �F �Pë¾ì KLí Z ��
	�fe (20)

where
Û Þ \ � * �P,FIH ��
	�fe � ß �à �ö ÷à �� õ Y�Ý��� ó �ø ô � 9 à �ù is the

varianceof the referencesignaland

à �ù is thevarianceof
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the measurementnoise(it is assumedherethat the algo-
rithm is appliedin a sufficient-orderidentificationprob-
lem, i.e., the unknown FIR systemhasthe sameorderas
theadaptive filter).

Finally, from thelastequationof thealgorithm,wehaveÛ \ � � ��
	�feúÜ � Y � W Û \ � �F H ��
	�fe
. Sincefrom (20) and (19)

we have that
Û \ � �FIH ��
	�fe�ûà �ù , the following expression

results:Û \ ��� ��
	�fe�Ü � Y � W à �ù (21)

I. MeanSquare Valueof ü � ��
	�
Fromtheimplementationof thestep“Obtaining =UT ��
 9; � ” (seeTableII andAppendixA or B) wehaveü Y � � � � ��
 9 ; ��ý� * � � W , ��
 9@; � n �rq p � � W ��
 9@; � (22)

By takingtheexpectedvalueof (22)andusingtheapprox-
imations(12)and(18),we obtainÛ \ ü �� ��
	�fe%Ü � Y � W � � � ; 3 � � (23)

J. MeanSquare Valueof þ`ÿ ^ �
The implementationof the step“Obtaining ü ��
 9]; � ”

canberealizedby two ways,asmentionedin theprevious
section.Theseimplementationsarefound in Appendices
A andB, respectively.

In the first versionof this algorithmsincewe take the
expressionsfor ü Y � � � � ��
 91; � and þ`ÿ ^ � , andusethemto
calculate

Û \ ü �Y � � � � ��
	�fe 9 Û \ þ`ÿ ^ �� e , it is straightforwardto
concludethat

Û \ þ`ÿ ^ �� e 9 Û \ ü �Y � � � � ��
 9Ë; �fe% Û \ þ`ÿ ^ �� � W e 9Û \ ü �Y � � � W ��
	�fe . Since ü Y � W ��
 9 ; �² þ·ÿ ^ � , it is easyto
figureout that

Û \ þ`ÿ ^ �� e+ Û \ ü �Y � W � � ��
	�fe , then:Û \ þ`ÿ ^ �� e�Ü � � � ; 3 � � (24)

For the secondversionof this algorithmsincewe use
the expressionsfor ü � � W ��
 9 ; � and þ·ÿ ^ � to calculateÛ \ ü �� � W ��
 9�; �fe 9 Û \ þ`ÿ ^ �� e , it is straightforward to show
that
Û \ þ`ÿ ^ �� � W e 3 Û \ ü �� � W ��
 9Â; �fe+ Û \ þ`ÿ ^ �� e 3 Û \ ü �� ��
	�fe .

Since ü Y � W ��
 9<; �¶ þ·ÿ ^ Y � W , follows that
Û \ þ·ÿ ^ �� e¦Û \ ü �� ��
	�fe , therefore:Û \ þ`ÿ ^ �� e�Ü � Y � W � � � ; 3 � � (25)

IV. SIMULATION RESULTS

In this sectionwe consideran examplewherethe in-
put signal is a zero-meanrandomGaussianprocesswith
variance

à ��  3 � y dB, the measurementnoiseis Gaus-
sianwith variance3�� y dB, thedesiredsignalis obtained
througha fourth-orderfilter. In anensembleof ;cyoyoy runs,
eachwith �Úyoyoy samples,only the ��yoyoy lastoutputsamples
wereusedto calculatethemeansquarevalue.

Thechosen
�

was y��	�
� . Thesimulatedandtheoretical
resultsareshown in TableIII wherewe seethat the pre-
dictedvaluesarevery closeto themeasuredvalues.

TABLE III
MEAN SQUARE VALUE.

Simulation Theoretical�
� Z ��� ������ �

� Z ���� ������
i=0 ��������������� !���

íoK
�"�	�������������!��

í�K
i=1 ��� ��#�$�$�%�%�%&���

íoK
�"� ��#�$'�� �%(#!��

í�K
i=2 ��� ��#�%(����$� !���

íoK
�"� ��#���#� �$�%&��

í�K
i=3 ��� ��#� ���)�)�*&���

íoK
�"� ��#�*�%��� �*&��

í�K
i=4 ��� ��#���#�#����!���

íoK
�"� ��#��"� ����+��

í�K
i=5 ��� ��)�)�)�)�$(�+���

íoK
�"� ��)�$()�*��� !��

í�K
,.-
� Z �� ����� , ,.-

� Z �� ����� ,
i=0 ��� ��*(����*(��$( �� ��� ��*��������������
i=1 ��� ����#�%(��#���%�* ��� �"�#���)�$/�'$�#
i=2 ��� ����#���$(#�%'�/$ ��� �"�)�#�)�$�%���)
i=3 ��� ����)��� �%�����$ ��� �"�)�%(��������#
i=4 ��� ����)��#���#�$"� ��� �"�)���*���*�$� 
i=5 ��� ���$�$�$�%�%(��% ��� �"�'$�%(���������
i=0 ��� ���"����"������ ��� �����������������
i=1 ��� #�%( ��'%/�'%()�) ��� #�%��������������
i=2 ��� #���$(�� �)�%�*� ��� #���*�%(���������
i=3 ��� )��� �$�#"�'*�*�$ ��� )�%�$� �$�%(�����
i=4 ��� )�*�*"� �)�����) ��� )"���/%(����*�%��
i=5 ��� $�)�*(����*�$(#�# ��� $�$� �$()���#� �)0 ��� K 1 ����� 0 ��� K 1 �����2

� Z � ����� 2
� Z � �����

i=1 �"� �/*"������%�%��(�3��

í
4 ��� ����*�*/�'*"�� �#+��

í
4

i=2 �"� �� �)���#����#"�5��

í
4 ��� �/$'�� �$�%��"��+��

í
4

i=3 �"� ���� �)�$(#�#�%(�+��

í
4 ��� ��)���)�%�#���)�%!��

í
4

i=4 �"� ����#�%���%������+��

í
4 ��� ��#�#���$"�'*(��#+��

í
4

i=5 �"� �/$�$(��$(#��'%'�3��

í
4 ��� %"�*�)�*���%/� +��

í
4

687�9:(;� 1 ����� 6�7�9:�;� 1 �����
i=0 ��� #�$�$�)����#� �� ��� #�$(�� �%�)�#�$(�
i=1 ��� #�$�$����(����*� ��� #�$(�� �%�)�#�$(�
i=2 ��� #�$()� ��$�%/�'$ ��� #�$(�� �%�)�#�$(�
i=3 ��� #�$()���$�*���*� ��� #�$(�� �%�)�#�$(�
i=4 ��� #�$()� �#�#���#�� ��� #�$(�� �%�)�#�$(�9�<�=>: ;Z ����� 9�<?=>: ;Z �����
i=0 ��� ��*( ��)�#���$�� ��� ��*�%��(������*��
i=1 ��� ��*( � �#���#�$�) ��� ��*�%��(������*��
i=2 ��� ��*�*���)� ���)�� ��� ��*�%��(������*��
i=3 ��� ��*�*�#�*()�#�$�) ��� ��*�%��(������*��
i=4 ��� ��*�*����"�)"��� ��� ��*�%��(������*��

V. CONCLUSIONS

In this paper, the two implementationsof the fast QR
decompositionalgorithmbasedon a posteriori backward
prediction errors have beenanalyzedin finite precision
environment. Theseimplementationsaregenerallygood
choicesamongthe fast RLS algorithmsdueto their low
computationalcomplexity andproved stability when im-
plementedwith finite precisionarithmetic.

Closed-formformulaefor the estimationof the mean
squarevaluesof the internalvariableswereobtained,and
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theoreticalresultswerecomparedwith computersimula-
tions,confirmingtheaccuracy of theanalysis.

Theseexpressionsarekeys for aproperimplementation
of this algorithmusingfixed-pointarithmeticprocessors,
sincethe numberof bits for eachinternalvariablecould
be determinedby its estimatedmeansquaredvalue. In
addition,they arerequiredin thefinite-precisionanalysis
of theFQR POSB algorithms.

MeanSquareValue(Continuation)
Simulation Theoretical0 �
K
1 ����� 0 �

K
1 �����

i=0 �"� �����"�)�*/��"� ��� ��������)���*��� 
i=1 �"� ������$(��#�)���# ��� ������$'����$�$��
i=2 �"� ������*"� (���� ��� ������*/����*"�)
i=3 �"� �"�'%()�%�$�$���* ��� �"�'%�)"����%�#��
i=4 �"� �����������)�*(# ��� �������(���"�'%(��
� Z ��  ���A@ � � �

� Z ��  ���A@ � �
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APPENDIX A: THE DETAILED FQR POS B ALG. V. 1

FQR POS B – Version1 – Ref. [6]
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APPENDIX B: THE DETAILED FQR POS B ALG. V. 2

FQR POS B – Version2 – Ref. [2]
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