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This work presents two new adaptive filtering algorithms: one of them a least-
mean-square type with data-reusing and the other one a fast recursive least-squares
based on QR decomposition.

The first part of this work presents and analyzes a new LMS-like algorithm,
the binormalized data-reusing least mean-square (BNDR-LMS) algorithm, which
compares favorably with other normalized LMS-like algorithms when the input sig-
nal is correlated. For this algorithm, convergence analyses in the mean and in the

mean-squared are presented and a closed-form formula for the mean-square error

v



is provided for white input signals as well as its extension to the case of colored
input signal. A simple model for the input-signal vector which imparts simplicity
and tractability to the analysis of second-order statistics is fully described. The
methodology is readily applicable to other adaptation algorithms of difficult anal-
ysis. Simulation results show the performance of the BNDR-LMS algorithm for
different scenarios and validate the analysis and ensuing assumptions. An extension
of the BNDR-LMS algorithm to include constraints is also derived in order to apply
this algorithm to a direct-sequence code-division multiple access (DS-CDMA) mobile
receiver. Moreover, a step-size optimization is proposed to accomplish this practi-
cal application with the conflicting requirements of fast convergence and minimum
steady-state mean-square error (MSE).

In the second part of this work, the principles behind the triangularization of the
weighted input data matrix via QR decomposition and the type of errors used in
the updating process are exploited in order to investigate the relationships among
different fast algorithms of the QR decomposition family. The algorithms are clas-
sified according to a general framework and a new fast QR algorithm based on
Givens rotation using a priori forward errors is introduced along with the detailed
description of the four classified fast QR algorithms and two lattice versions. Fi-
nally, a contribution towards the finite precision analysis of the fast QR algorithms

is presented.
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Chapter 1

Adaptive Filtering

1.1 Introduction

In the last decades, the field of digital signal processing, and particularly adaptive
signal processing, has developed enormously due to the increasingly available tech-
nology for the implementation of the emerging algorithms. These algorithms have
been applied to an extensive number of problems including noise and echo cancel-
ing, channel equalization, signal prediction, adaptive arrays as well as many others.
A particular application exemplified in Chapter 3 is the adaptive multiuser detec-
tion at a mobile DS-CDMA receiver which shows the usefulness of adaptive filtering
techniques in mobile communication systems.

An adaptive filter may be defined as a self-modifying digital filter that adjusts
its coefficients in order to minimize an error function. This error function or cost
function is obtained from the difference between the “reference” or “desired” signal
and the filter’s output. Adaptive filtering algorithms are in fact closely related to
classical optimization techniques although in the latter, all calculations are carried
out “offline”. Moreover, an adaptive filter is sometimes expected to track the opti-
mum filter (or Wiener filter as is called the optimum filter in the mean-square sense
for a stationary environment) in a slowly varying environment.

In order to compare the wide variety of algorithms available in the literature of

adaptive filtering, the following aspects must be taken into account [1].



e Structure. The manner in which the algorithm is implemented may be basi-
cally divided in two types for the FIR (finite impulse response) adaptive filters:
transversal filter (or tapped-delay line) and lattice structure. IIR (infinite im-
pulse response) adaptive filters constitutes another field in adaptive filtering

where we can find a number of realizations.

e Rate of convergence, misadjustment and tracking. In a noiseless (no measure-
ment and/or modeling noise) situation, the coefficients of an adaptive filter
can converge fast or slowly to the optimum solution. The coefficients, in gen-
eral, will not reach the optimum values but will stay close to the optimum.
Misadjustment is a measure of how close these coefficients (the estimated and
the optimum) are in steady-state. It can be taken as a general rule that for a
given algorithm the faster you make it converge the higher will be the misad-
justment. In nonstationary environments, the algorithm must be fast enough

to track the time-varying optimum coefficients.

e Computational aspects. It can be included here the computational complexity
as well as the performance of the algorithm in a limited precision environment.
The effort in obtaining fast versions of more complex algorithms results from
the desire to reduce the computational requirements to a minimal number of
operations and to reduce the size of memory necessary to run these algorithms
in real time applications. On the other hand, a limited precision environ-
ment generates quantization errors which drive the attention of designers to

numerical stability, numerical accuracy and robustness of the algorithm.

1.2 Basic Concepts of Adaptive Filters

The definition of the cost function gives rise to the large number of alternative
adaptive filtering algorithms. The mean-squared error (MSE) is used in the least
mean-square (LMS) and LMS-based algorithms while the least squares leads to the

recursive least-squares (RLS) schemes. The RLS algorithms may be subdivided in



conventional, lattice, fast transversal and based on QR-decomposition.

The basic configuration of an adaptive filter is illustrated in Figure 1.1. The
input signal is denoted by x(k) where £ is the iteration number. The reference
signal d(k) may be seen (as in an FIR system identification problem) as the desired
signal plus observation noise or 7 (k)wg +n(k) where wy is the optimum coefficient
vector and x (k) is the vector [z(k) z(k—1) -+ z(k—N)]T, with NV being the order of
the adaptive filter. The error signal is e(k) = d(k) — y(k), where y(k) is the output
of the adaptive filter. This error will be used by the adaptation algorithm to update
the coefficient vector w(k) of the adaptive filter.

d(k)

/4

x(K) , Adaptive y(k) -
filter

e(k)

Figure 1.1: Basic configuration of an adaptive filter

1.2.1 The Mean-Square Error and the
LMS-based Algorithms

The mean-square error (MSE) is defined as

¢(k) = Ble*(k)] = E[(d(k) — y(k))*] (1.1)

where y(k) = SN wi(k)z(k—i) = 27 (k)w(k), with w(k) = [wo(k)w: (k) - - - wy (k)]T
being the coefficient vector.

The gradient vector of the MSE related to the tap-weighted coefficients is

Vwwé(k) = —2p + 2pw(k) (1.2)



where p = E[d(k)x (k)] is the cross-correlation vector between the desired and the
input signals, and R = E[z (k)T (k)] is the input signal correlation matrix. The
Wiener solution is obtained by equating the gradient vector to zero and assuming

that R is nonsingular, and is given by
wy=R""p (1.3)

We can approach the Wiener solution by searching in the direction of the estimate
of the gradient vector (steepest-descent-based algorithm) using a step-size p. One
possible and very simple solution is obtained using instantaneous estimates of R
and p given by x(k)x” (k) and d(k)x(k). The resulting gradient-based algorithm is
known as the least mean-square (LMS) algorithm.

The LMS algorithm is very popular and has been widely used due to its simplic-
ity. Its convergence speed, however, is highly dependent on the eigenvalue spread
(conditioning number) of the input-signal autocorrelation matrix [2, 1]. Alternative
schemes which try to improve this performance at the cost of minimum additional
computational complexity have been proposed and extensively discussed in the past
2] 13,

One approach that has been successfully employed in situations where signal
statistics are unknown is the online calculation of the convergence factor which
takes part in updating the filter coefficients [4, 6]. The normalized LMS (NLMS)
algorithm can be included in this category [4, 7]. Also belonging to this class of
algorithms are the data-reusing algorithms which will be later described in more

details.

1.2.2 The Least-Squares and the RLS Algorithms

Another objective function which is deterministic and convenient to be used in
stationary environment is the least squares (LS) given by k+r1 S, €%(i). The com-
putation of the least squares in a recursive form resulted in a family of algorithms
known as recursive least-squares (RLS). The RLS algorithms are known to have a

fast rate of convergence which is independent of the eigenvalue spread of the input

4



correlation matrix. They are also very useful in applications where the environment
is slowly varying. The price of all the benefits of this algorithm is a considerable
increase in the computational complexity.

The objective function of this class of algorithm is given by

k k

E(k) =) M) =) AT — & (w(k)]? (1.4)

i=0 i=0
where e(7) is the a posteriori output error at instant ¢ and X is the “forgetting factor”.

The optimum solution in the least-squares sense is given after differentiating (k)
with respect to w(k) and equating the result to zero. The result is given by the

following product of the inverse of a matrix by a vector.

w(k) = [Z A’“”'w(Z’)SL‘T(Z')]’l[Z Nt (i)d(i)] (1.5)

The straightforward computation of the above equation results in an algorithm
with a computational complexity of the order of N3 multiplications or O[N?3]. Nev-
ertheless, the computation of the inverse can be avoided by using the so-called
matriz inversion lemma [2]. The resulting relation is used in the conventional RLS
algorithm whose computational complexity is of order N2. This computational com-
plexity can drop to O[N] when the input vector consists of delayed versions of the
same signal. A number of O[N] or fast algorithms are available in the literature
including different versions of the lattice RLS (LRLS) algorithm [8] and the fast
transversal RLS (FTRLS) algorithm [9] which is considered the fastest (in the sense

that a minimal number of operations is necessary) although not stable.

1.3 LMS, NLMS and Data-Reusing Algorithms

As remarked before, the LMS algorithm uses estimates of both the input signal
correlation matrix and the cross-correlation vector based on the current desired and
input signals. The data-reusing LMS (DR-LMS) algorithm [3] uses current desired
and input signals repeatedly within each iteration in order to improve its convergence

speed. It can be easily shown that, in the limit of infinite data reuses per iteration,

5



the DR-LMS and the normalized LMS (NLMS) algorithms would yield the same
solution [5]. With the recently proposed normalized and unnormalized new data-
reusing LMS (NNDR-LMS and UNDR-LMS) algorithms [10] performance can be
further improved when data from previous iterations are also used.

In [10], a graphical description of NNDR-LMS and UNDR-LMS algorithms was
presented and it was shown that this new class of data-reusing algorithms has
prospective better performance than the NLMS algorithm in terms of convergence
speed. The graphical description also clarified why improvement is achieved when
the number of reuses is increased.

For the LMS algorithm, the coefficient vector w is updated in the opposite
direction of the gradient vector (V,[]) obtained from the instantaneous squared

output error [2, 11], i.e.,

wiars(k+1) = wears(k) = S0 (H) (1.6)
where

e(k) = d(k) — @ (Kywrars (k) (17)

is the output error, d(k) is the desired signal, (k) is the input-signal vector con-

taining the N 4+ 1 most recent input-signal samples, i.e.,
x(k)=[x(k) z(k—-1) -+ x(k— N)]T (1.8)
and p is the convergence factor. The coefficient-updating equation is
wrys(k+1) = wrys(k) + pe(k)z(k) (1.9)
The NLMS algorithm normalizes the step-size such that the relation
e’ (B)wnpys(k +1) = d(k) (1.10)
is always satisfied, i.e.,

—w ek
wNLMs(k+1) = NLMS(k)+ ||£B(k)||2—|—€ (k) (111)



where €, theoretically equal to zero do satisfy (1.10), is made in practical situations
a very small number used to avoid division by zero.

For the DR-LMS with L data reuses, the coefficients are updated as

fort=0,...,L, where

ei(k) = d(k) — =¥ (k)w; (k) (1.13)

wo(k) = wpr-rus(k) (1.14)
and

wpr-rms(k+1) = wr (k) (1.15)

Note that if L = 0 these equations correspond to the LMS algorithm.
For the NNDR-LMS algorithm with L data reuses, the coefficients are updated

wir(h) = wi) + e_i(f))HZ (k- ) (1.16)
fori=0,...,L, where

ei(k) =d(k —1i) — " (k — i)w;(k) (1.17)

wo(k) = wynpr-rms(k) (1.18)
and

wynpr s(k+1) = wp (k) (1.19)

Figure 1.2 illustrates geometrically the updating of the coefficient vector in a two-
dimensional problem for all algorithms discussed above, starting with an arbitrary
w(k). Once we are interested in comparing algorithms of similar complexity, it was

considered the case of one reuse, i.e., L = 1. S(k) denotes the hyperplane which

7



contains all vectors w such that 7 (k)w = d(k). In a noise-free exact-order modeling
situation, S(k) contains the optimal coefficient vector, w,. It can be easily shown
that x(k) and, consequently, V,[e*(k)] are orthogonal to the hyperplane S(k).

The conventional LMS algorithm takes a single step towards S(k) yielding the
solution wy,yrs(k+1), represented by point 2 in Figure 1.2, that is closer to S(k) than
wins(k). The DR-LMS algorithm iteratively approaches S(k) by taking successive
steps in the direction given by x(k). The solution wpgr ras(k + 1) is represented
by points 2 and 3 in Figure 1.2. It can be shown that wpp_rys(k+ 1) would reach
S(k) in the limit, as the number of data reuses approaches infinity [10]. The NLMS
algorithm performs a line search in the direction of x(k) to yield in a single step
the solution wxpas(k + 1), represented by point 4 in Figure 1.2, which belongs to
S(k).

The algorithms presented in [10] use more than one hyperplane, i.e., use previous
data pairs (x(k—1),d(k—1)), i > 0, in order to produce solutions wyypr_ryms(k+1)
and wynpr_rms(k + 1) that are closer to w, than the solution obtained with only
the current data pair (z(k),d(k)). The solutions obtained with the UNDR-~-LMS
and the NNDR-LMS algorithms are represented by points 5 and 6 in Figure 1.2,
respectively. Position 7 of Figure 1.2 corresponds to the new Binormalized Data-
Reusing LMS (BNDR-LMS) algorithm which will be derived and analyzed in the
next chapter.

For a noise-free exact-order modeling situation, w, is at the intersection of N 41
hyperplanes constructed with linearly independent input-signal vectors. In this case,
the orthogonal-projections algorithm [12] yields the optimal solution w, in N + 1
iterations. This algorithm may be viewed as a normalized data-reusing orthogonal
algorithm which utilizes N + 1 data pairs (x, d), for it performs exact line searches

in (N+1) orthogonal directions constructed from present and previous data pairs.



S(k-1)

(k)

Figure 1.2: Coeflicient vector update:

Position 1. w(k);

Position 2. wys(k + 1) and first step towards
wpr—rms(k +1) and wynpr—rms(k + 1);

Position 3. ’wDR_LMs(k + 1);

Position 4. wyrys(k + 1) and first
step towards wynpr—rms(k + 1);

Position 5. wynpr-Lms(k + 1);

Position 6. wyypr-Lms(k + 1);

Position 7. 'wBNDR—LMS'(k + 1).

1.4 Introducing the QR Decomposition

Another alternative method for the implementation of the recursive least-squares
(RLS) is the use of QR decomposition. In (1.5), the matrix which needs to be
inverted is usually called deterministic data correlation matrix Rp = X7 (k)X (k)
where X (k) is the input data matrix as will be defined later. The basic idea of this
QR family of algorithms is the triangularization of the input data matrix through
the use of QR decomposition techniques.

It is worth mentioning that the matrix X (k) is (k + 1) x (N + 1) which means
that it increases its order as the iterations progress. The QR-decomposition process

makes use of an orthonormal matrix Q(k) of order (k + 1) x (k + 1) in order to



reduce X (k) to a triangular matrix U (k) of order (N 4+ 1) x (N + 1) such that

Qxm=| 7 (1.20
U (k)
where O is a matrix of order (kK — N) x (N + 1) with all elements null.

Matrix Q(k) represents the overall triangularization process and may be im-
plemented in different manners. In this thesis, the numerically well conditioned
Givens rotations will be used although other techniques, such as the Householder
transformation [13, 14], are available. The main advantages obtained with the QR-
decomposition RLS (QRD-RLS) algorithms are the possibility of implementation
in systolic arrays and its improved numerical behavior in limited precision environ-
ment. The conventional QR-RLS algorithm has a computational requirement of
the order of N? multiplications or O[N?]. A number of alternative algorithms such
as the inverse QR (IQR) algorithm [15], the so called fast' QR (FQR) algorithms
[16]-[20] and the fast QR-Lattice (FQR-L) algorithms [21, 22] are also available in
the technical literature.

The RLS-based algorithms are summarized in Figure 1.3. These algorithms are
used whenever fast convergence is necessary for input signals with a high eigenvalue
spread and the increase in the computational load is tolerable. Except for the
FTRLS algorithm, which basic version is unstable, all other fast RLS algorithms
do not have the coefficient vector of the direct form realization available in every
iteration.

Our goal here is the study of the fast recursive least-squares algorithms based on
QR decomposition which are among those adaptive algorithms with both the desired
characteristics of computational complexity of O[N] and the numerical robustness
associated with the use of Givens rotations. Although multichannel and complex
versions of most adaptive algorithms exist, this thesis will be concerned only with

the single channel with real input case.

L “Fast” here means of O[N]
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RLS Algorithms

O[N] O[N]
| |
FTRLS
Conventional
RLS
LRLS
Conventional
QRD-RLS FOR
Inverse
OR FOR-L

Figure 1.3: The RLS algorithms.
1.5 Original Contributions

Many of the algorithms presented and discussed in the previous sections are still
subject of research where simplicity, convergence speed, stability, and robustness
are the topics of main interest.

In the next chapter, the new BNDR-LMS algorithm will be described. This al-
gorithm combines data reusing, orthogonal projections of two consecutive gradient
directions, and normalization in order to achieve faster convergence when compared
to other LMS-like algorithms. On the other hand, the new algorithm is simpler
with respect to computational complexity and more robust than the orthogonal-
projection algorithm. At each iteration, the BNDR-LMS algorithm yields the so-
lution w(k + 1) which is at the intersection of hyperplanes S(k) and S(k — 1) and
at a minimum distance from w(k) (see 7 in Figure 1.2). The algorithm can also be
viewed as a simplified version of the orthogonal-projection algorithm which utilizes
just two consecutive directions. In Chapter 2, it is also addressed the analyses of
the first and second moments of the coefficient vector, respectively, and simulation
results.

In Chapter 3 an optimal step-size sequence is proposed and an application of

11



this algorithm is the field of mobile communications is carried out.

The development of the new fast QR algorithm is done in Chapter 4 where a
unified approach is used to classify the members of the fast QR family of algorithms.

In Chapter 5, the lattice version of two of those fast QR algorithms are presented
and fully described according to the notation used in this work.

Chapter 6 addresses the analysis in a limited precision environment of the fast
QR algorithms using backward prediction errors updating.

The conclusions of the thesis as well as suggestions for further research are sum-

marized in Chapter 7.

12



Chapter 2

The BNDR-LMS Algorithm

The new binormalized data-reusing LMS (BNDR-LMS) algorithm [23] described in
this chapter and briefly introduced in [24] and [25] employs normalization on two
orthogonal directions obtained from consecutive data pairs within each iteration.
In all simulations carried out with colored input signals, this algorithm presented
faster convergence than all other data-reusing algorithms for the case of two data
pairs, or, equivalently, one data reuse.

A thorough analysis of convergence in the mean and mean-square of the coeffi-
cient vector is provided and the stability limits for the convergence factor as well as
closed-form formulas for mean-square error (MSE) after convergence are obtained
from the analysis. The inadequacy of the independence assumption [26] for analy-
ses of data-reusing algorithms [10] is overcome by adopting a simplified model for
the input-signal vector which is consistent with the first two moments and renders a
tractable analysis [4, 27]. This analysis can be readily extended to other data-reusing

algorithms (e.g., NNDR-LMS and UNDR-LMS algorithms [10]).



2.1 Problem Statement and Algorithm Derivation

In order to state the problem, we note that the solution which belongs to S(k) and

S(k — 1) at a minimum distance from w(k) is the one that solves

nin [lw(k +1) —w (k)| (2.1)
subject to

2" (K)yw(k + 1) = d(k) (2.2)
and

' (k— Dw(k+1)=d(k—1) (2.3)

The function to be minimized is, therefore,

flw(k + 1] = [lw(k + 1) — w(k) || + Mld(k) — " (k)w(k + 1)] (2.4
+ Xo[d(k — 1) — 2" (k — D)w(k +1)]

which, for linearly independent input-signal vectors (k) and x(k — 1), has the

unique solution

w(k+1) =wk) + %:c(k) + %:c(k -1) (2.5)

where

M _ [d(k) — 2" (Rw(k)]|=(k - D|* —[d(k — 1) — =" (k — Dw(k)|z" (k — 1)z (k)

2 le(B) |12 |lz(k = D)|I? = [2" (k)2 (k — 1)]?

(2.6)

and

Ao _[d(k = 1) — 2" (k — Dw(k)]|lz(k)|? — [d(k) — =" (F)w(k)]z" (k — 1)z (k)
(k)2 [l (k — 1)]? — [ (k)@ (k — 1)]?

2.7)
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2.1.1 Simplified Version

The derivation presented above is valid for any w(k), which may or may not belong

to S(k—1). However, if successive optimized steps are taken for w(k) for all k, then
(k- Dw(k) = d(k — 1) (2.8)

and a simplified set of updating equations for the algorithm results:

w(k+1) =w(k)+ %Ilzc(k) + %ém(k —1) (2.9)
where

N ldk) — 2" (Rw(k)]e(k — 1)

2 " Jle®)Pllz(k - DIP - [ (k) (k - 1) (2.10)
and

Ny _—ld(k) — 2" (Rw(k)e” (k — Da(k) (2.11)

2 le(®) ek —D]* - [2" (k)o(k — 1))

2.1.2 Geometrical Derivation

The BNDR-LMS algorithm can be alternatively derived from a purely geometrical
reasoning. The first step is to reach a preliminary solution, w, (k), which belongs to
S(k) and is at a minimum distance from w(k), represented by point 4 in Figure 1.2.

This is achieved by the NLMS algorithm starting from w(k), i.e.,

2 (k) (2.12)

In the second step, w; (k) is updated in a direction orthogonal to the previous one,
therefore belonging to S(k), until the intersection with S(k — 1) is reached. This is
achieved by the NLMS algorithm starting from w; (k) and following the direction
xi (k) which is the projection of (k — 1) onto S(k), i.e.,

e1(k) 1
w(k+1) =w;(k ———— T k 2.13
(k+1) (Hllw% I (k) (2.13)
where
L [ 2®E®]
x; (k) = {I EGIE ] (k—1) (2.14)
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and
er(k) =d(k —1) — 2" (k — 1w, (k) (2.15)

The use of £ (k) obtained from x(k — 1) assures that the minimum-distance path
is chosen. Note that the requirement of linear independence of consecutive input-
signal vectors (k) and x(k — 1), necessary to ensure existence of the solution, is
also manifested here.

As will be shown in the analysis (c.f. Section 2.3) and will be verified by simula-
tions (c.f. Table 2.2), the excess of the mean-square error (MSE) for the BNDR-LMS
algorithm as in (2.5)-(2.7) or in (2.9)-(2.11) is close to the variance of the obser-
vation noise when there is no modeling error. Such performance is expected from
normalized algorithms. Therefore, in order to control this excess of MSE a step-size
i may be introduced. Although maximum convergence rate is usually obtained with
i = 1, the use of a smaller value for the step-size may be required in applications
where measurement error is too high. In this case, we must emphasize that the
solution w(k + 1) obtained at each iteration is not at the intersection of hyperplanes
S(k — 1) and S(k) and, therefore, the simplified version of the algorithm given by
(2.9)—(2.11) should not be used.

If (k) and &(k — 1) are linearly dependent, then S(k) is parallel to S(k — 1),
xi (k) is the null vector and w(k + 1) = w,(k), which corresponds to the NLMS
algorithm for any value of step-size. Particularly when p = 1, it is also correct to
say that w(k) is already on the hyperplane S(k — 1).

The BNDR-LMS algorithm is summarized in Table 2.1.

2.2 Convergence Analysis of the

Coefficient Vector

In this section, we assume that an unknown FIR filter with coefficient vector given by

w, is to be identified by an adaptive filter of same order employing the BNDR-LMS

16



Table 2.1: The Binormalized Data-Reusing LMS algorithm

BNDR-LMS
€ = small positive value
for each k

{

g
-
_I_
=
I
g
=z
+
=
Sy
B
=
~
=
=z

y2 =’ (k — Dw(k)
egzd(k—l)—yg

A — (eyp(k — 1) — eyar) /den
= (eg9p(k) — e1av)/den

w(k+1) = w(k) + p[3ek) + 2a(k - 1))

w|l\>;m|

algorithm, i.e., d(k) can be modeled as
d(k) = 2" (k)w, + n(k) (2.16)

where n(k) is measurement noise. It is also assumed that input signal and measure-
ment noise are taken from independent and identically distributed zero-mean white
noise processes with variances o2 and o2, respectively.

We are interested in analyzing the convergence behavior of the coefficient vector

in terms of a step-size u. Let
Aw(k) = w(k) — w, (2.17)

be the error in the adaptive filter coefficients as related to the ideal coefficient vector.
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For the BNDR-LMS algorithm as described in (2.5)—(2.7), Aw(k + 1) is given by

Aw(k +1) = Aw(k) + %m(/ﬁ) + %x(/ﬁ ) (2.18)
From (2.16) and (2.5)—(2.7), we have

Aw(k +1) = [I + pAJAw(k) + ub (2.19)
where

A z(k)x” (K)x(k — Dx"(k — 1) + z(k — D)x" (k — V)x(k)x” (k)

[ (R)[[2]|(k = DI — [T (k)z(k - 1)]? (2.20)
ek = D)IP2(E)2” (k) + |2 (k) |*2(k — D)a’ (k- 1)
(k) [[*|(k — D]? - [=" (k)z(k - 1)]?

and

b:N@de—UW—n%—lnqmw%—Um%)
[ (F)[I?[(k — D]? - [T (k)z(k - 1)]? (2.21)
Mk—lmwwm?—MMka—nmw)m%_l)
le(R)[*l|2(k — DI - [2" (F)z(k - 1)]?

By taking the expected value on both sides of (2.19), for n(k) and x(k) samples

from independent zero-mean random processes, we have
E[b] =0 (2.22)

and

+ nA)Aw (k)]

El(I
' (k)a(k — Da' (k1)
E<{ hw Hllw(—l)ll2 [T (k)2 (k - 1)]?
k=Dt (k — Da(k)e’ (k) — [lz(k — 1|z (k)" (k)

|@(mnww—1m2 [2" (k)2 (k — 1)

C le®)Pe(k— ek~ 1) .
TeE ek — D] — & (R~ 1)12] } A (’“)>

el

(2.23)

Expression (2.23) can be further simplified if the following assumptions are made:

1. Aw(k) is statistically independent of x(k)z” (k) (independence assumption
[26]),
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2. Elnum/den] ~ E[num]/E|den], where num and den are the elements in the
numerator and denominator of (2.23), respectively, which implies indepen-
dence between num and den as well as a first-order approximation! in the

evaluation of E[1/den].

Moreover, the following relations can be easily verified when the elements of (k)

are samples of a white Gaussian process (see Appendix A):

1.
E{lz" (k)z(k — 1)*} = (N +1)(07)° (2.24)
2.
E {|lz(®)[*[le(k = D[” = [z (k)z(k = D]} = N(N +3)(07)*  (2:25)
3.
022, 1=9 or 1=9—2
(Bla(h = 1)a (k — Do B} = | e
0, otherwise
(2.26)
for [-];; the (4, j) element of matrix [-].
4.
Blllz(k — 1)[[Pz(k)z" (k)] = (N +3)(07)*I (2.27)
o.

2’ (k- DAwk) = (1 — p)x" (k — D)Aw(k — 1) + pn(k — 1) (2.28)

!For a more in-depth discussion on this approximation, see [4, 6].
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Based on these assumptions and relations, (2.23) can be rewritten as

z(k — Daxl(k - 1)z(k)xT (k)

E[Aw(k+1)] ~ E ({I + [

N(N + 3)(02)?
=k = D[Pz(R)z" ()] .,
RiETcael IO
(k) [P (k — D)’ (k — 1)
i i e=c el EE)
~ (18 Blawm) - WE [Aw(k = 1)]
The last relation of (2.29) was obtained by considering ||z(k — 1)||* statistically

independent of Aw(k) and by making a first order approximation in the calculation
of the numerators with the help of relations (2.26) to (2.28). From (2.29), it is clear
that convergence in the mean of the BNDR-LMS algorithm to an unbiased solution
is guaranteed for values of step size p such that all elements of E[Aw(k+1)] in (2.29)
go to zero as k — oo. This is achieved if the poles of the second-order difference

equation are strictly inside the unit circle, i.e.,

A U R
2

|Zl,2 <1 (230)

which is always true for N > 1 and p satisfying

0<p<?2 (2.31)

2.3 Second-Order Statistic Analysis

2.3.1 White Input Signal

Although Aw(k) converges in average to zero as k goes to infinite, which character-
izes unbiasedness of the estimate, consistency of coefficient estimates, which in other
words means negligible instantaneous errors on these coefficients, is only achieved

in cases of very small &,,;, or values of i close to zero. In general, an excess of MSE;,
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which depends on the second-order statistics of vector Aw/(k), will be present. The

excess of MSE is defined as [2, 1]

gexc = kll)r{.log(k) - gmm (232)

where £(k) = Ele*(k)] and &, is the minimum mean-squared error due to nonexact-
modeling or presence of additive noise, or both [2].
The difference A¢(k) = £(k) — &nin 1s known as excess in the MSE [2] and can

be expressed as

Ag(k) = E{[n(k) — Aw" (k)2 (k)]"} = &min
= E[Aw” (k) RAw (k)] (2.33)
= tr{ R cov[Aw(k)]}

It is necessary, therefore, to derive an expression for the coefficient-error-vector

covariance matrix cov[Aw(k + 1)]. From (2.19),

cov[Aw(k + 1)) = E [Aw(k + 1) Aw” (k + 1)]
= E{[I + pA|Aw(k)Aw” (k)[I + pA]}
+ E{uI + pA)JAw(k)b"} + E {pbAw” (k)[I + pA]}
+ E [1°bb"]

(2.34)
Recalling (2.20) and (2.21), we can foresee the enormous complexity to evaluate
(2.34) even with a number of assumptions. An interesting alternative is the use of
a simplified model for the input-signal vector (k) which can be consistent with the
first- and second-order statistics of a general input signal, but has a reduced and
countable number of possible directions of excitation. This model was introduced

in [28] and was successfully employed in [4] and [27]. The input-signal vector for the

model is

where:
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e s; is +1 with probability of occurrence 1/2;

e 72 has the same probability distribution function of ||z(k)||?, or, for the case
of interest, is a sample of an independent process with y-square distribution

of (N + 1) degrees of freedom, E[r?] = (N + 1)o;

e V, is equal to one of the N + 1 orthonormal eigenvectors of R, denoted V;,
1=1, ..., N+1. We will also assume that for a white Gaussian input signal
V' is uniformly distributed and, consequently, if P(-) denotes the probability

of occurrence of event (-), then

1
P pu— ; = 2'
(Vi =V)) Nl (2.36)
For the given input-signal model, we may express A&(k + 1) as
ALk +1) = AL(k + 1) |m@yen-— xPlek) || (k- 1)] (2.37)

+ Ak + 1) |z ew—1) XPlz(k) L x(k—1)]
Conditions x(k) || €(k—1) and (k) L x(k—1) in the adopted model are equivalent
to Vi = Vi 1 and Vi # V1, respectively, such that V; and V;_; can only be
parallel or orthogonal to each other.
As remarked before, the BNDR-LMS algorithm behaves exactly like the NLMS
algorithm when the input signal vector at instants k£ and k£ — 1 are parallel. In this

case, the excess of MSE is given by [4]
2

AL(k+1)) = [1 + “](V“i;f)] AE(k) + (NJF’;—_%)UEQ (2.38)
where v, = E[z*(k)/o%] is known as the kurtosis of the input signal, which varies
from 1 for a binary distribution to 3 for a Gaussian distribution to oo for a Cauchy
distribution [4, 29]. It must be stressed, however, that (2.38) holds only for v, <
N +1 [4].

For the case where x(k) and x(k — 1) are always orthogonal, from (2.33) and

(2.34) we have, for R = 021, i.e., white-noise input signals (see Appendix B),

Ag(k+1), = [1 + “](\77;12)] Ag(k) + MU _A‘j)j(f “D Atk - 1)
L =22 )
N+2—y, "
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A final expression for the excess in the MSE may now be obtained from (2.38)

and (2.39) combined and weighted accordingly, as suggested in (2.37). For a white

input signal, the probabilities of V, =V and V| # V;_; are equal to ﬁ and

N

~7 respectively. The excess in the MSE is, therefore, given by

Np(l — p)*(p - 2)
(N +1)?

AE(k+1) = [1 + M} Ag(K) + Ag(k —1)

N+1
NG =2
(N+D)(N+2-1,)" "

(2.40)

Experiment 1: In order to confront the behavior of the BNDR-LMS algorithm
with (2.38) for different values of u a simple experiment was carried out where
input-signal vectors at consecutive time instants are always parallel. A setup was
constructed where a 10th-order unknown plant is to be identified by a 10th-order
adaptive filter when the input-signal vector is (k) = s,V with V a constant vector
equal to [1 0 --- 0]T. In this case, the kurtosis v, is 1 and the steady-state value of

Ag(k)a gewca is

2
po,

2—p

Eexe = (2.41)

The results, depicted in Figure 2.1, show a comparison between simulations averaged
after 50 runs and the theoretical values predicted by (2.41). From the analysis of
this experiment, it becomes clear that for the special case when the BNDR-LMS
algorithm behaves like the NLMS algorithm, (2.41) is in excellent agreement with

simulation results.

Experiment 2: A second experiment was carried out where input-signal vectors
at consecutive time instants are always orthogonal. The setup was similar to that of
Experiment 1, except that the input signal vector was chosen as x(k) = s,V with
Vi always different from V;_; and equal to one of the vectors forming the canonic
basis. The kurtosis of the input signal is also equal to 1. Theoretical results and
the results from a 50-trial simulation are depicted in Figure 2.2. The results show

that the expression in (2.39) is accurate for the assumptions made.
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Figure 2.1: Excess of MSE for parallel input signal vectors.

Experiment 3: A third experiment was carried out where the input-signal vectors
were randomly chosen among the canonic basis, such that V; and V_; could be
1

parallel or orthogonal with probabilities —~ and

N 1 respectively. The results

from a 50-trial simulation and those from (2.40) are depicted in Figure 2.3 which

shows accuracy of the analysis at least for the input-signal model used.

2.3.2 Colored Input Signal

Using the input-signal-vector model given in (2.35), we may now extend the analysis
to colored input signals. The angular distribution of (k) need be changed in order
to incorporate different probabilities for the directions given by the (N + 1) eigen-
vectors of R. In other words, (2.37)-(2.39) are maintained and only probabilities
Plx(k) || £(k — 1)] and P [x(k) L «(k — 1)] need be recalculated. Each eigenvector
of R, denoted as V;, t =1, ..., N + 1 will now have the following probability of
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Figure 2.2: Excess of MSE for orthogonal input signal vectors.

occurrence [4]

(2.42)

where ); is the eigenvalue associated to the eigenvector V;. For an easy association
between Plx(k) || £(k — 1)] and input-signal correlation, let us suppose the input

signal (k) is correlated by an allpole filter as in
w(k) =~k —1)+ (L —y)n(k), 0<y<1 (2.43)

where n(k) is a sample from an independent, zero-mean process with variance given

by 02. The autocorrelation matrix for this input signal can be easily derived and is
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Figure 2.3: Excess of MSE for a modeled input signal vector.

expressed as

Loy o
1— 1 N-1
R:1+7ﬁ K K K (2.44)
7 E : : E
I ,YN ,nyl ,YN72 1 |

From (2.44) we have all necessary eigenvalues and eigenvectors such that we can

compute

Ple(k) | z(k—-1)] = P[V, | V]
- P [Vk | Vi |Vk_1=V1] X PVii=Vi]+--
+P [Vk | Vit |V,H:VNH] X P[Vi_i = V]

— §§<WZQ>2 (2.45)

=1
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and
Ple(k) Le(k—-1)=1—-Plz(k) || x(k —1)] (2.46)

Equations (2.45) and (2.46) are in accordance with the white-input situation, for this
case corresponds to v = 0 and all eigenvalues will be equal to o2 such that P(V =
V) = ﬁ as already described. When the input signal is correlated through a
first-order allpole filter and modeled with (2.35) and (2.42), the excess of MSE
is given by (2.37)—(2.39) with probabilities given by (2.45) and (2.46). Although
(2.38)—(2.39) have been obtained based on a white Gaussian model for the input
signal, simulations have shown that our reasoning is valid when the input signal
is generated according to (2.35) with probabilities given by (2.42) and \; obtained
from (2.44). Moreover, for 4 = 1 and a modeled input signal where only parallel or
perpendicular vectors may occur the BNDR-LMS algorithm degrades to the NLMS
algorithm and the steady-state MSE becomes independent of the radial distribution
of (k) [4]. This is perfectly described by (2.38)—(2.39), supporting the validity of

our reasoning.

2.4 Simulation Results

In order to test the BNDR-LMS algorithm for more practical situations, simula-
tions were carried out for several system identification problems with input signals
not constrained to fit a discrete angular distribution function as in the experiments
of the previous section. Initially, the system order was N = 10, the input signal
was a colored noise with a conditioning number around 187, and the input signal-
to-observation-noise ratio (SN R) was set to 60dB and 150dB. The learning curves
(MSE in dB) for the NLMS, the NNDR-LMS (one reuse) and the BNDR-LMS
algorithms are depicted in Figure 2.4, corresponding to an average of 200 realiza-
tions. In this first experiment, the step-size pu was set to 1 in order to achieve
the fastest convergence rate of the BNDR-LMS algorithm. The choice of one reuse
for the NNDR-LMS algorithm rendered similar computation complexities for the
algorithms tested.
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In this example we can clearly verify the superior performance of the BNDR-
LMS algorithm in terms of speed of convergence when compared to the NLMS and
the NNDR-LMS algorithms (with one single reuse) for the case of a high signal-to-
noise ratio. This benefit becomes more evident in cases where the input signal is
even more correlated. Simulations for the conventional LMS algorithm and for the
DR-LMS algorithm were also carried out for the same setup, but their performances
were, as expected, inferior to that of the NLMS algorithm and the results were
omitted from Figure 2.4. Concerning this example, it is worth mentioning that for
the NNDR-LMS algorithm, a similar performance would be obtained if we had used
at least four reuses (L = 4) with the same two pairs of data (or about two reuses if
we increased the information with one extra pair of data). It means that more than
double of the computational effort of the BNDR-LMS algorithm would be necessary
for the NNDR-LMS algorithm, in the case of the same amount of memory, to have
a similar convergence rate.

(a) SNR=60dB (b) SNR=150dB

10 20
—— BNDR-LMS —— BNDR-LMS
— - NNDR-LMS ot — - NNDR-LMS
0 -~ NLMS 1 -~ NLMS
-10
m m
T -20 o
£ £
%) %)
s 30| =
_40 L
-50
L T ey
-60 : ' ' -160 - : -
0 500 1000 1500 2000 0 500 1000 1500 2000
k k

Figure 2.4: MSE for the NLMS, the NNDR-~-LMS, and the BNDR-LMS algorithms.

In a second experiment, yet with 4 = 1 and N = 10, the excess of MSE (&.4c
in dB) was measured in order to test the behavior of the BNDR-LMS algorithm in

terms of mean-squared error after convergence. &,,;,, in this case the variance of the
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measurement noise, was set to 107% while the input signal was made a zero-mean
white Gaussian noise process. The results are summarized in Table 2.2 where we can
also observe the excess of MSE in dB for a nonstationary environment. In this case,
the observation noise was set to zero and the system (plant) coefficients were varied
according to a generalized random-walk model, w(k) = w(k — 1) + v, where v was
a random vector with elements of zero-mean and variance equal to 107%. As we can
see from Table 2.2, in both stationary and nonstationary environments, the BNDR-
LMS algorithm performed closely to the NLMS and the NNDR-LMS algorithms.

Once more the step-size 1 was set to one in this experiment.

Table 2.2: Excess of Mean-Square Error

Algorithm (€eac)an
Type Stationary | Nonstationary
NLMS -59.09 -39.15
NNDR-LMS -59.40 -39.42
BNDR-LMS -58.60 -39.45

Other experiments were carried out in order to test theoretical results obtained
from the convergence analysis. The input signal in this case was white noise and
the excess of MSE was measured for different values of the step-size (p varying from
0.1 to 1.9). Once it was shown that the filter order N has a great influence on the
theoretical results, the experiment was repeated for N =5, N = 10, and N = 63.
The results are depicted in Figures 2.5, 2.6, and 2.7 respectively, where we can see
that the theoretical curve is closer to the experimental curve as N is increased.
Furthermore, as N is increased the probability of occurring V, = V| becomes
less likely and the curves approach the one obtained in Experiment 2 of the previous
section.

A last experiment was designed to test the influence of colored signals on the
excess of MSE and the accuracy of the expressions derived in the analysis. Four

situations were contemplated corresponding to input signals having different charac-
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Figure 2.5: Excess of MSE for N =5 as a function of pu.

teristics (all of them with N = 10). In the first two situations, signals were obtained
from zero-mean white-Gaussian sequences filtered by first-order allpole IIR filters
with poles at 0.8 and 0.9, yielding autocorrelation matrices with eigenvalue ratios of
50.85 and 145.44, respectively. In the other two situations, input-signal vectors were
generated with discrete radial probability distributions and autocorrelation matri-
ces with eigenvalue spreads also equal to 50.85 and 145.44, respectively. The excess
of MSE in dB for these simulations are depicted in Figure 2.8 where simulation re-
sults and theoretical curves are confronted. Theoretical values were calculated using
(2.37)—(2.39) with probabilities given by (2.45) and (2.46). The analysis for colored
input-signals presented very good agreement with the simulations carried out for
input-signal vectors presenting discrete angular probability distributions. For the
signals obtained by filtering white-Gaussian sequences with first-order allpole ITR

filters, only a reasonably accurate qualitative description of the evolution of the ex-
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Figure 2.6: Excess of MSE for N = 10 as a function of px.

cess of MSE with respect to the step-size could be observed. This can be explained
by the fact that the expressions were derived for a white signal situation. Moreover,
in the range of interest (0 < p < 1) the difference between the simulated and the
theoretical curves is less than 3 dB. The range of values of p from 1 to 2 is not
used in practical situation since such value would worsen the performance of the
algorithm by increasing the misadjustment without improving the convergence rate
which is maximum for p = 1.

In terms of computational complexity, Table 2.3 shows the comparisons among
the three normalized algorithms mentioned before. Note that p = N 41 is the num-
ber of coefficients. By observing this table, we can conclude that the computational
load of the BNDR-LMS algorithm is slightly higher than the computational load of
the NNDR-LMS algorithm (which is equal to L + 1 = 2 times the complexity of the
NLMS algorithm). We stress the fact that this table is relative to one only re-use
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Figure 2.7: Excess of MSE for N = 63 as a function of pu.

(L = 1) and that, in the case of the first experiment, for the same performance of
the NNDR-LMS algorithm as compared to the BNDR-LMS algorithm, a complexity
L+ 1 =5 times the complexity of the NLMS algorithm would be required.

Table 2.3: Comparison of computational complexity

ALG. ADD | MULT. | DIV.

NLMS 3p-1 3p 1
NNDR-LMS || 6p-2 6p 2
BNDR-LMS | 6p+1 | 6p+8 2
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Figure 2.8: Excess of MSE for colored input signals.

2.5 Conclusions

This chapter presented the BNDR-LMS algorithm along with its analyses of conver-
gence and mean-square error. A geometric interpretation of the algorithm was also
provided showing that the coefficients are updated in two normalized steps following
orthogonal directions. The relationship between the BNDR-LMS algorithm and the
orthogonal-projection algorithm was clarified.

Simulations carried out in a system identification application showed that the
BNDR-LMS algorithm compares favorably with other LMS-like algorithms in terms
of speed of convergence. Moreover, the more correlated is the input signal, the better
is the performance of the new algorithm when compared with other LMS-like algo-
rithms. This improvement is more clearly observed in cases of small measurement
noise.

Analyses in the mean and the covariance were carried out being the latter based
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on a simplified model for the input signal which rendered tractable expressions for
the complex problem of analyzing data-reusing algorithms. Consistency with the
first two moments of the input signal are maintained by the model. For white
input signals, analysis of mean-square error, which is in excellent agreement with
simulations, was carried out. Limits for convergence in the mean and the covariance
of the coefficient vector were also established. Moreover, a closed-form expression
for the excess of MSE as a function of the step-size was derived for the case of
white input signals. The applicability of this expression for the case of colored input
signals was also addressed. The model and the analyses can be readily extended
to other data-reusing algorithms that have not been considered in the past due to

exceeding complexity.
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Chapter 3

A Practical Application of the
BNDR-LMS Algorithm

3.1 Introduction

In order to illustrate a practical application of the BNDR-LMS algorithm, this chap-
ter presents a constrained version of this algorithm as well as proposes an optimal
step-size sequence which allows fast convergence and minimum misadjustment. The
new algorithm is applied to a direct-sequence code-division multiple access (DS-
CDMA) mobile receiver and the results has shown a considerable speed up of the
convergence rate compared to the traditional approach using the LMS algorithm.
A constrained adaptive filter has several fields of applications such as antenna
array processing and interference cancellation in DS-CDMA mobile communication
systems. The two traditional methods used in these applications are the so called
Frost [30] approach and the general sidelobe canceler (GSC) [31] approach. The
GSC approach converts the constrained problem into an unconstrained problem.
The Frost scheme is probably the most widely used technique due to the simplicity
of the LMS algorithm. Nevertheless, the main drawback of the LMS algorithm
is also present in Frost scheme; that is, its performance is strongly dependent on
the eigenvalue spread of the input-signal autocorrelation matrix. An alternative

approach is the use of fast least-squares techniques as proposed in [32]. Since the



Frost algorithm turns out to be the projection of the conventional LMS result onto
a constrained hyperplane, a natural step would be to use the traditional normalized
LMS-like algorithms [2, 33] followed by a projection just like in the LMS Frost case.
This approach results in a superior convergence rate compared to the LMS Frost
algorithm when the input signals are strongly correlated. This intuitive approach,
however, lacks an optimization criterion and performs worse than the corresponding
GSC structure in some cases.

It was observed in our experiments that the constrained LMS algorithm in both
implementations, Frost and GSC schemes, give identical results [31] when applied
to the same set of data. Our goal in this chapter is the derivation of the constrained
BNDR-LMS algorithm, Frost-like structure, such that it presents identical results
when compared to the results obtained by employing the BNDR-LMS algorithm in
the GSC structure.

This chapter is organized as follows. Section 3.2 presents an alternative deriva-
tion of the conventional NLMS and BNDR-LMS algorithms. In Section 3.3 the
constrained normalized algorithms are derived based on the approach used in Sec-
tion 3.2. In Section 3.4 the optimal step-sized sequence is derived. Section 3.5 shows
some simulation results in the typical field of application proposed here, followed by

conclusions.

3.2 Re-Derivation of the NLMS and the
BNDR-LMS Algorithms

In this section we show an alternative way of deriving the NLMS and the BNDR-LMS
algorithms. Let us start with the normalized LMS. Suppose we have an LMS-like

algorithm that updates the coefficient vector according to the following expression.
w(k+1) =w(k) + e (k) (3.1)

where w(k) is the coefficient vector (of size (N + 1) x 1 where N is the order of the

adaptive filter) at instant k, (k) is the input signal vector and ju is the variable step-
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size (or convergence factor) which must be chosen with the objective of achieving
faster convergence. The strategy used here is to reduce the instantaneous squared
error as much as possible since this is a good and simple estimate of the mean squared
error (MSE) [2]. Since the instantaneous error is given by e(k) = d(k) — " (k)w(k),
the instantaneous squared error at instant k after the wupdating of the coefficient

vector can be written as

(k) £ [dk) — 2" (k)w(k+ 1)
= [d(k) — =" (k)(w(k) + (k)] (3:2)

where the star (*) indicates the a posteriori error. In order to increase the conver-
gence rate by choosing an appropriate step-size, we take the partial derivative of
e*?(k) with respect to j;, and make it equal to zero, obtaining

_ d(k) — " (k)w(k)
He = "0 (k)2 (k)

(3.3)

which corresponds, as expected, to the traditional normalized LMS algorithm.
In the BNDR-LMS algorithm, we update the coefficient vector by adding the
input-signal vectors x(k) and x(k — 1) weighted by two step-sizes, py, and o,

respectively.
w(k+1) = w(k) + ppx(k) + popx(k — 1) (3.4)

In this case, we minimize the cost function F'(k) which corresponds to the instanta-
neous squared error at instant k& plus the instantaneous squared error at instant £ —1
calculated with the coefficient vector of instant k or F(k) = [d(k) — = (k)w(k)]? +
[d(k—1)—aT (k—1)w(k)]>. We next define F*(k) as F'(k) calculated with the updated

coefficient vector.

F* (k) £ [d(k) —a" (k) (w (k) + piez(k) + popz(k — 1))

+Hd(k —1) — 2" (k — 1) (w(k) + piz(k) + pora(k — 1)) (3.5)

In the next step, we take the partial derivatives of F*(k) with respect to py; and
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1o and make them equal to zero. After some algebraic manipulations we obtain

e1 = d(k) — T (k)w(k

(
eo=dk—1)—ax’(k—1w(k
)

)
ezl (k—Dax(k —1) — esx’ (k — 1)z (k)
den
esx” (k) (k) — ez’ (k — 1)z (k)
den

Hik =

(3.6)

Mok =

which together with (3.4) correspond to the binormalized data-reusing LMS (BNDR-
LMS) algorithm.

3.3 The Constrained Algorithm

In linearly constrained adaptive filtering, the J constraints are represented by the

following linear system.
C'w(k)=f (3.7)

where C'is a (N +1) x J matrix containing the constraint vectors, and f is a vector
of J elements containing the constraint values (one single constraint means that C
is a vector and f is a scalar).

In the LMS case (Frost structure), the resulting algorithm is given by the pro-
jection of the coefficient vector — w(k + 1) unconstrained — onto the hyperplane
defined by (3.7). The constrained coefficient vector is obtained by first projecting
the unconstrained solution onto the homogeneous hyperplane C”w (k) = 0 with the
help of the projection matrix P = I — C(C"C)~'C". Finally, the resulting vector
is moved back to the constraint hyperplane by adding the vector F = C(CTC)'f.

wk+1) = Pwyys(k+1)+ F

= Plw(k)+ pe(k)x(k)]+ F (3.8)

where e(k) = d(k) — =T (k)w(k).
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Our approach here for both the NLMS and the BNDR-LMS algorithms is the
projection of the unconstrained solution followed by the optimization of the step-
size(s) similar to what was done in the previous section. Let us start with the NLMS
algorithm by taking wyrars(k + 1) as in 3.1 where p is the variable step size we

wish to obtain.

= Plw(k) + ma (k)] + F (3.9)

If we remember that w(k) was forced to satisfy the constraint in (3.7) which means

that Pw(k) + F = w(k), it follows that (3.9) can be written as
w(k+1) = w(k) + . Px(k) (3.10)

If we now compare (3.1) and (3.10) we can see that they are the same problem if we
substitute the input vector by a rotated version @'(k) = Pz (k). Moreover, recalling

that P? = P, it follows from the same approach used in the previous section that

e(k) = d(k)— &7 (k)w(k)

wk+1) = Plw(k)+ +F (3.11)

which correspond to the constrained NLMS algorithm [34].
The same approach can be applied to the BNDR-LMS if we make

’LU(k—l-l) = PwBNDRfLMS(k—i_l)_FF
= P[w(k) + /L1k33(k) + Mgkm(k — 1)] +F

= w(k)+ pxPx(k) + por Px(k — 1) (3.12)

and compare with (3.4). The equations of the constrained BNDR-LMS algorithm
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are obtained as

er = d(k) — a" (k)w(k)

ea =d(k—1) — 2! (k— Dw(k)
pPp=1-cc’c)"'c”
F=c(ccTc) 'y

den = ' (k)Px(k)z” (k — 1)Pxz(k — 1) — (2T (k — 1) Pz (k))?
ezl (k— 1)Px(k — 1) — eax” (k — 1) Pz (k)

Hik = den
ez’ (k)Pz(k) — erz” (k — 1) Pz (k)
M2k = den
w(k + 1) = Plus(k) + pag(k) + poge(k — 1)] + F (3.13)

It is worth mentioning that these two constrained algorithms present identical
results when compared to the NLMS and BNDR-LMS algorithms used in the GSC
structure. It is also interesting to remark that (3.11) and (3.13) can be simplified
by admitting that Pw(k) + F = w(k). This simplification, however, can produce
round-off error accumulation when the algorithm is implemented in finite-precision

environment.

3.4 Step-Size Optimization of the
BNDR-LMS Algorithm

We have seen that the BNDR-LMS algorithm offers faster convergence than a num-
ber of other normalized LMS algorithms for a highly correlated input signals at the
cost of a small additional complexity. The MSE after convergence for this algorithm
is controlled by a step-size parameter pu. For ;= 1, we have the fastest convergence
and also the highest steady-state MSE when compared to the cases where the val-
ues of the step-size are closer to zero. In the previous chapter, it was shown that
the BNDR-LMS algorithm convergences if the step-size is in the range from zero to

two. For practical reasons, the value of i is kept between zero and one since it was
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observed that the steady-state MSE was higher and the convergence slower when
the step-size was set to a value between one and two.

In this section, the expression for the MSE developed in Chapter 2 is used to
propose an optimal step-size sequence which allows fast convergence and minimum
misadjustment. The final expression for the convergence behavior of the BNDR-

LMS algorithm is rewritten here in terms of the excess in the MSE.

N+1
Np(1 = p)*(p—2)
(N +1)?
(L+ N(p =2
(N+D)(N+2—1,) "

A€k +1) = [1+M] AE(k)

AL(k 1)

(3.14)

From the expression of A¢(k + 1) above, we will follow an approach similar to
that used in [4] and we start by rewriting (3.14) assuming that up to instant k& we
have the optimal sequence ;*(0) to p*(k — 1) already available and also the optimal
quantities AE*(k) and AE*(k —1).

p(k)(u(k) = 2)1 \
Aglk+1) = |1+ B2 Ag ()
Np(k)(1 = p(k))*(u(k) =2) .
N+ 1)2 AClk—1)
(1 + N(u(k) - 2)2)M(k)202
(N +1)2 "

(3.15)

If we now compute the derivative of A¢(k+ 1) with respect to (k) and make it
equal to zero, we obtain after some algebraic manipulation

L AL k) + AL (k- 1)
2(A&(k— 1) + 02)

_ g (k) +&(k—1) — 207
= 1—\/1— k=) (3.16)

pr(k) =

It is worth mentioning that (3.16) is in accordance with the situation corresponding
to when the convergence is reached; in that case we have £*(k) = &*(k — 1) = o2
and therefore we have p*(k) = 0 as expected. Moreover, if we have 02 = 0 the

value of p*(k) will be close to one (admitting that Ag*(k) ~ A&*(k — 1)) even after
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convergence, which means that we should have maximum speed of convergence with
minimum misadjustment if the noise is zero.

For the normalized LMS (NLMS) algorithm, a recursive formula for p*(k) in
terms if ©*(k — 1) and the order N was obtained in [4]. In the case of the BNDR-
LMS algorithm, a simple recursive expression was not obtained and a small algorithm
was used to produce the optimal step-size sequence. This algorithm is presented in
Table 3.1 ! and has one important initialization parameter with a strong influence
on the behavior of ;*(k). This parameter is the ratio ¢ Where the numerator is the

n

variance of the reference signal.

Table 3.1: Algorithm for computing the optimal step-size sequence.

(k) of the BNDR-LMS algorithm
AL(0) = A¢(-1) = 0}

02 = noise variance

n

N = adaptive filter order

p(0) =1

for each k

{ulh) =1- /1 - SRS
aa — [1+ p(k )J(VJ(:? 2)]
bb — Nu(k)(lf(];;(ﬂ))?(u(k)ﬂ)
e — (1+N(“((J€)+_1§%2)“(k)20ﬁ

AE(k + 1) = aaA&(k) + BbAE(k — 1) + cc

We next present in Figure 3.1 the curves of u(k) for different values of what
should be called in this case (desired) signal to noise ratio or SNR = 10logg—§i from
0 to 40 dB. Note that for 02 = 0 (noiseless case), the SNR approaches infinity

whereas the step-size remains fixed at unity.

!Note that the asterisk (*) was dropped from the optimal values for simplicity only.
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Figure 3.1: Optimal p(k) sequences for the BNDR-LMS algorithm.

In a practical implementation the optimal sequence can be computed a priori
and stored in memory or computed on the fly. For this last option, since a recursive
and compact formula is not available, an approximation of the curve is of great
interest. We will use here two classes of sequences also proposed in [4]. They were
chosen due to their simplicity and, as will be seen later, lead to good results. The
first class is the optimal sequence for the NLMS algorithm. It is given by

_ pk—1)
N+1

p(k) = p(k — 1)1“% (3.17)
TN+

For the NLMS algorithm, the correct initialization for this sequence is given by
u(0) =1-— Z—’zg However, in our case we can choose an initial value for the step-size
such that the two sequences are close, as will be seen.

The second class of sequences (referred to hereafter as the 1/k approximation)

is quite simple and was also used in [4]. This sequence is given by

1 if0<k<c(N+1)

(k) = (3.18)
max{ fmin, @} if k> c¢(N+1)

43



The parameter ¢ will be related to the SN R of the optimal sequence. A minimum
step-size was introduced here (it can be used in all sequences as well) in order to
provide a tracking capability to the algorithm.

The results of a few experiments will demonstrate the superior performance
obtained with the proposed adaptive step-size scheme. For the first simulation,
we used a white noise input signal in a system identification setup with N = 10,
02 = 1072 and SNR = 20dB. Figure 3.2 shows the optimal step-size sequence
obtained with the algorithm described in Table 3.1 and other curves from the two

classes of approximations used.

OPTIMAL STEP-SIZE SEQUENCE FOR SNR=20dB
1 T T T T

\
0.9~ \ 4
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k

Figure 3.2: Optimal step-size sequence and two classes of approximation sequences.

From Figure 3.2, we can conjecture which curve to use. If we use the least norm
of the difference between the optimal and the approximation sequences as a criterion
to decide which curve to implement, the chosen parameters for this example would
be 1(0) = 0.93 and ¢ = 3.

With these parameters we have run a simulation with a fixed step-size, an optimal
step-size and the two approximations. The learning curves (average of 1000 runs)

are depicted in Figure 3.3 where we can see that the same fast convergence and
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the same small steady-state MSE are shared by the three time-varying step-size

sequences used. The fixed step-size was set to one and, as expected, has the highest

misadjustment.
LEARNING CURVES FOR TIME-VARYING STEP-SIZE
20 T T T T
151 — fixed step-size i
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Figure 3.3: Learning curves for the fixed step-size, the optimal step-size and its two

approximations.

A second experiment was carried out in order to evaluate the performance of this
optimal sequence in case where the input signal is correlated. The same setup was
used but with an input signal having a condition number (ratio between the largest
and the smallest eigenvalue of the input signal autocorrelation matrix) around 180.
Figure 3.4 shows us that, even for a correlated input signal, the proposed step-size
sequence has a good performance. We observe on this same figure that, in this given
example, the BNDR-LMS algorithm using optimal step-size sequence has better
performance than the NLMS algorithm also using its optimal step-size sequence.

A final remark is the possibility to use an estimator for (k) instead of calculating

A&(k) using (3.15) as described in the algorithm of Table 3.1. We have also made
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Figure 3.4: Comparing the learning curves for the case of colored input signal.

an experiment using the following estimator:
E(k+1) = M(k) + (1 — N)e?(k) (3.19)

This experiment has shown us that a reasonable value for A is around 0.96. The
advantage of this alternative approach is the possibility of fast tracking of sudden
and strong changes in the environment. In this case, the instantaneous error becomes
high and the estimated £(k+ 1) is increased such that the value of p approaches the
unity again and a fast re-adaptation starts.

When using this approach, it is worth remembering that, since equation (3.16)
is of the type 1 — /1 — z, the step-size u(k) can be written as —%— which is a

1+vV1-z
numerically less sensitive expression. Equation (3.20) shows this expression.

(k) +€(k—1) 207

2¢(k—1)
(k) = (3.20)
§(k)+E(k—1)—207
1+ \/1 - 2¢(k—1)

46



3.5 Simulation Results

In this section, we apply the constrained adaptive algorithms to the case of a DS-
CDMA downlink transmission system. The received signal for a system with K

simultaneous users can be written as
K
x(k) =) Ab;(k)s; + n(k) (3.21)
i=1

where A; is the signal amplitude of user i, s; is the signature sequence of the ith
user, and b;(k) € {£1} is the transmitted bit of the ith user. At the mobile receiver
we are only interested in detecting one user (here assumed to be ¢ = 1). One way
of constructing the receiver coefficients is to minimize its output energy under the
constraint that the desired user’s code sequence can pass with unity response. The

problem is then to find a coefficient vector w(k) such that solves

11{’1(1]?) T (k)w(k)||* subject to sTw(k) =1 (3.22)

where, using the notation of the previous section, we see that the reference signal
d(k) =0, C = s; and f = 1. The system used in our experiment consists of K =5
users whose spreading sequences were Gold codes of length 7 [35]. The signal-to-
noise ratio (SNR) for the desired user was set to 8dB and the interfering users power
was set to 20 times stronger than the desired user power (A4; = v/20 for i # 1). In
the simulation, we have used the optimal step-size sequence [33] described in the
previous section.

Figure 3.5 shows the learning curves for the LMS, NLMS, and BNDR-LMS al-
gorithms (average of 500 runs). The step-size for the LMS algorithm was chosen to
be p = 5.10"% such that its misadjustment is comparable with the other normalized
algorithms using optimal sequences. As can be seen from the figure, the perfor-
mance of the normalized algorithms are superior to the LMS algorithm in terms of
convergence rate. Probably due to the input signal which in this example is not
correlated enough, the BNDR-LMS algorithm could not have the best performance
and the NLMS algorithm is suggested in these cases. This assertion is supported by

the fact that even the RLS algorithm have not shown a much better performance
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than the NLMS algorithm in this particular example. It is worth mentioning that
the general sidelobe canceler (GSC) structure using the NLMS and the BNDR-LMS

algorithms was also simulated and presented identical learning curves.
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Figure 3.5: Learning curves of the constrained algorithms.

3.6 Conclusions

This chapter introduced the constrained version of the BNDR-LMS algorithm using
the structure developed by Frost [30].

A straightforward method of obtaining the normalized (NLMS and BNDR-LMS)
algorithms was presented and it was shown that this method is also valid for the
constrained versions of these algorithms. The resulting constrained BNDR-LMS al-
gorithm using the Frost structure presented identical results then the unconstrained
counterpart using the GSC structure. An optimal step-size sequence for the BNDR-
LMS was also obtained. The algorithm was applied to CDMA mobile reception and
the simulation results showed faster convergence rate as well as a small misadjust-

ment when the optimal time-varying step-size is used.
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Chapter 4

Fast QR Algorithms: a Unified
Approach

4.1 Introduction

This section deals with the basic concepts used in the RLS algorithms employing
conventional and inverse QR decomposition. The methods of triangularizing the
input data matrix and the meaning of the internal variables of these algorithms
are emphasized in order to establish the notation used in this work as well as to

introduce the most important relations used hereafter.

4.1.1 The Conventional QR Algorithm

As in the conventional RLS algorithm, we are interested in minimizing the following

cost function
k

E(k) =) N (i) = e (K)e(k) =] e(k) |’ (4.1)

i=0
where each component of the vector e(k) is the a posteriori error at instant i weighted

by AE=0/2 () is the forgetting factor and i varies from 0 to k). The vector e(k) is

given by

e(k) = d(k) — X (k)w(k) (4.2)



In the above equation, the weighted desired signal vector d(k), the coefficient
vector w(k), and the input data matrix X (k) are defined by

M2gT (k- 1)

MNe/22T(0)

where N is the filter order (number of coefficients minus one), (k) is the input
signal vector [z(k) z(k —1) --- x(k — N)|” and the samples before instant k& = 0
are considered zeros.

The optimal solution to the least-squares problem at a given instant k& can be
found by differentiating the cost function with respect to w(k) and equating to zero,

resulting in

w(k) = Ry’ (k)pp (k) (4.6)

where Rp(k) = X7 (k)X (k) is the deterministic data correlation matrix and
pp(k) = XT(k)d(k) is the deterministic cross-correlation vector between the in-
put and the desired signal.

Expression (4.6) is used in the conventional RLS approach. The inverse of Rp(k)
can become ill-conditioned, e.g., due to loss of persistence of excitation of the input

signal or due to quantization effects [2]. In order to avoid possible inaccurate solu-
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tions, the QR decomposition approach triangularizes the input data matrix through
the use of Givens rotation matrices.

The premultiplication of (4.2) by Q(k) (matrix which represents the overall trian-
gularization process via elementary Givens rotations matrices) triangularizes X (k)
and since Q(k) is orthogonal (actually orthonormal), it will not affect the cost func-

tion.

Qeiger) = | 0 = B O g (47
e (F) dy, (k) U (k)
where U (k) is the Cholesky factor of X (k)X (k) (i.e. UT(k)U (k) = XT (k) X (k))
and the subscripts 1 and 2 indicate the first £k — N and the last N + 1 components
of the vector, respectively.
The weighted-square error (or cost function) can be minimized by choosing w (k)
such that the term d, (k) — U (k)w(k) is zero. The tap-weight coefficients are then
calculated using a backsubstitution procedure (see [2, 36] for more details).

Using once more the fact that Q(k) is orthonormal and the definition in (4.5),
we can write the product Q(k)X (k) as

1 o’ 1 o’ zT (k) 0
Q(k) —
0 Q"(k—-1) 0 Q(k—1) M2X (k—1) U (k)

In the above equation, if we call Q(k) the product of the first two matrices on

the left and execute the multiplication of the remaining two matrices, we have

z’ (k)
N 0]
Q(k) O = (4.9)
U (k)
M2U (k- 1)

From (4.9) we see that Q(k) is a product of Givens rotations matrices that
annihilates the current input vector. Moreover, the recursive nature of Q(k) may

be expressed by
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er =am | ° (410)
0 Q1)

Once Q(k) is responsible for zeroing =’ (k) as shown in (4.9), its structure in-
cludes a submatrix I,_y_;. Fortunately, we can avoid the ever increasing order

characteristic by deleting this section of Q(k) and rewriting (4.9) as

0" (k) | _ " (k)
= Qy(k) (4.11)
U (k) MN2U (k1)

where Q, (k) is Q(k) after removing the I',_y_; section along with the corresponding

rows and columns.
Recalling (4.7), we see that e, (k) = d,, (k) and the product Q(k)d(k) can be

written as

{eql(k)-l - Q(k)-l or |[ aw }

dn(k) | 0 QU-1) | | A2d(k - 1)
)
= Q(k) | A%, (k—1)
| A?dy, (k- 1)
eq (k)
= | \2%e,(k—1) (4.12)
dy, (k)

where the last multiplication can be easily understood if we note in (4.9) that Q(k)
will alter only the first and the last N 4+ 1 components of a vector.
From (4.12), it is also possible to remove the increasing section of Q(k) resulting

in the following expression:

e (k) | d(k)
= Qy(k) (4.13)
dl]z (k) )‘I/Zdth (k - 1)

52



where ey, (k) is the first element of the rotated error signal and dy, (k) is a vector
with the last N 4+ 1 elements of the rotated desired signal vector.

At this point, it is important to emphasize the structure of Q(k) as a product of
Givens rotation matrices given by []0_ Q. (k). This structure will depend on the
type of triangularization of U (k): upper or lower triangular matrix. This choice, as
will be seen later, will also determine two classes of fast algorithms. The way by

which matrix U (k) is triangularized is depicted in Fig. 4.1 with the corresponding
Q. (k) being given by

costi(k) 0" —sinBi(k) 07

0 I; 0 0---0
UPPER: Q (k) = (4.14)
sinf;(k) 0T cost; (k) o’
0 0---0 0 Iy

costi(k) 0T  —sinf;(k) 0T

0 Iy 0 0---0
LOWER: Q, (k) = (4.15)
sinf;(k) 07 cost; (k) o’
0 0---0 0 I,

It is important to remark that the angles 6;(k) in (4.14) and (4.15) are not the
same although written in the same way for the sake of simplicity. It is also relevant
to mention that the two possibilities for a upper triangular matrix (zeros triangle on
the lower right side as in the figure or zeros triangles on the lower left side) as well
as the two possibilities for a lower triangular matrix (zeros triangle on the upper left
side as in the figure or zeros triangle on the upper right side) lead to the identical
algorithms.

As an example, the structures of Q,(k) for upper and lower triangularizations

of U (k) with N = 2 are given by
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U(k) = X
(k) : N+1 N+1

Figure 4.1: The different triangularizations of U (k): (a) UPPER and (b) LOWER.

092 091 090 —092 091 890 — 092 891 — 892

890 090 0 0
UPPER: Quk) = (4.16)
891 090 —891 890 091 0

892091090 —892091890 —892891 092

092 091 090 - 892 — 092 891 — 092 091 890

shyclicly by  —sbys0;  —sbychs0
LOWER: Q,(k) = . L TR ()
891090 0 091 —891890

S 90 0 0 090

where cf; = cosbt;(k) and s8; = sinb; (k).

The last two equations suggest that Q,(k) in both cases can be partitioned as

(4.18)

where (k) = []Y, cosfi(k) and the elements of f(k), g(k) and E(k) depend on the
type of triangularization.
In order to have all equations of the traditional (O[N?]) QR algorithm, let us

postmultiply the transposed vector e} (k)Q(k) by the pinning vector [10 --- 0]”.

- -
0 0

IHQW) | | = MQIRQE) | | | = ek (19
_0_ _0_
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On the other hand, from equations (4.10) and (4.18) and the fact that Q,(k) is
Q(k) after removing the k — N — 1 increasing columns and rows, we can conclude
that Q(K)[1 0 --- 0]" = [y(k) 0 --- 0 £ (k)]". Once e,,(k) is a null vector (keep
in mind that w(k) in (4.7) was chosen in order to make it zero), it is easy to show

that

e(k) = eq, (k)y(k) (4.20)

This last equation is particularly useful in applications where the coefficients of
the adaptive filter are not necessary since we can obtain e(k) without calculating
The equations of the conventional QR algorithm are presented in Table 4.1. Tt is
worth mentioning that in this case the type of triangularization used has no influence
on the performance of the algorithm and also that if the tap-weight coefficients are

required, they can be calculated using the backsubstitution procedure [2].

Table 4.1: The conventional QR equations.

QR
for each £
{ Obtaining Q,(k) and updating U (k):
o’ z (k)
= Qy(k)
U (k) M2U(k—1)

Obtaining v(k):
v(k) = [Ti, cosbi(k)
Obtaining e, (k) and updating d,, (k):
eq, (k) d(k)
d;(k) @l NP2d, (5 — 1)
Obtaining e(k):

e(k) = eq (k)v(k)
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4.1.2 Interpreting the Internal Variables

Examining the structure of Q,(k) as expressed in (4.18) and recalling (4.11) and

the fact that this matrix is orthonormal, we can write the next two equations.

v(k) g" (k) 7 (k) oo o
f(k) E(k) NPU(k—1) U (k) :
Inp = QuR)Qg (k) = RCNACE RO
U Lsw B | e B |
= @i, = | 1 T e
| g(k) E"(k) | | f(k) E(k)

From (4.21) and (4.22), a number of relations, which are common to both trian-

gularization methods, can be derived. Let us highlight the following two relations

fE)x" (k) + \'PEk)U (k- 1) = U(k) (4.23)
v(k)F (k) + E(k)g(k) =0 (4.24)
Now, if we multiply the transpose of (4.11) by itself, we obtain
UT (kU (k) = (k)" (k) + \UT(k = 1)U (k — 1) (4.25)
Premultiplying (4.23) by U” (k) and comparing to (4.25) we find that
f(k) = U (k)z(k) (4.26)
E(k) = MUTERU"(k-1) (4.27)
By substituting (4.26) and (4.27) in (4.24), it follows that
g(k) = =y (R)U"(k = Da(k)/ VA (4.28)

We will see that (4.26), (4.27) and (4.28) are key relations for the comprehension

of other algorithms of the QR family. In order to understand the meaning of these
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variables, which depend on the triangularization method, it is necessary to introduce
the application of the QR decomposition to the forward and backward prediction
problems as well as to compare the QR method discussed so far to the Gram-Schmidt

Orthogonalization procedure.

The Backward Prediction Problem

In the backward prediction problem, we try to obtain an estimate of a past sample
of a given input sequence using the currently available information of the sequence.
The signal (K — N — 1) is the desired signal and the prediction is based on (k).

The weighted backward error vector is

z(k—N—-1)
A22(k— N —2)
er(k) = dy(k) — X (k)wy(k) = : — X (E)w,(k)  (4.29)
AG%JVfIVZx(O)

Oni1

where wy (k) is the backward prediction coefficient vector.
The last equation can be rewritten in terms of X ¥*?(k), the input data matrix

of order N + 1.

—wy(k —wy(k
k) = (X(1) i) | | = xovey | T (430
1 1
The rotated weighted backward error vector is defined below and it will be used

later in the derivation of the fast QR algorithms.

. o O ebql (k) —'wb(k)
ey, (k) = Q(k)ey(k) = (4.31)
Uk) dy, (k) 1
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The Forward Prediction Problem

In the forward prediction problem, the desired signal is 2:(k) and the prediction will

be carried out with x(k — 1). In terms of weighted vectors, we have

_ " -
k— N2k —1 k —
er(k) =dg(k) — [X( . ) ] wy(k) = ( h - [X( - ) ] wy(k)
0 : 0
| AE2z(0)
(4.32)

where w (k) is the forward prediction coefficient vector.
The last equation can also be rewritten in terms of X(N+2)(k), the input data

matrix of order N + 1.

X(k—1) 1 N 1
es(k) = | ds(k) — XV(k) (4.33)
of —wy (k) —wy(k)

The rotated weighted forward error vector is defined as

Q-1 0 ey, (k) O X
er, (k) = er(k) = | dg, (k) Uk—1)
0" 1 —w (k)
M/22(0) o’

(4.34)
It is worth mentioning that all variables of the backward and forward predictors
are related to order N predictors (N + 1 prediction coefficients). As such e,(k) =
ey (k) and e; (k) = e (k).
Gram-Schmidt Orthogonalization for Lower Triangular U (k)

The Gram-Schmidt technique searches a set of orthogonal vectors {eg, e;,..., ey}

spanning the same space as another set of vectors {x,,«1,...,xy} which are not
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mutually orthogonal. This is usually accomplished by making ey = g, €; = &1 — 2
(where &; is the projection of @; in ey) and so on, such that e; = ®; — @;, &; =
Z;;t kjie; with kj; = e]x;/ || e; ||*, j < i. After finding ey, the orthonormality
is forced by replacing e; by e;/ || e; ||. This procedure triangularizes a matrix
consisting of vectors x; as its columns. The result is an upper triangular matrix.
We will choose another set of orthogonal vectors such that matrix X (k) (rewrit-

ten below) is correctly triangularized.

z’ (k)
X(6) = 20w on] = Al/Qa:T.(k—l)
| AP2T(0)
) e(k—1) - ax(k-N) |

M2g(k —1) A2k —2)

= ‘ ‘ (4.35)
: : 0
AR=D/25(1)  AE=D/25(0)
Ne/22:(0) 0 0
By making ey = xg,ey 1 =@ —&1,... ,€6y0 =Ty — Ty, Wwe have ¢y = ey, x| =
ev_1+knien,..., ey =€y + kine; + -+ + kyyen, which means that
0 --- 0 1
: kin
X(k)=[eyer- -ey] ‘ = G(k)K (k) (4.36)
0 :
i 1 kni - kyn |

Defining D?(k) = G (k)G (k) and being this product a diagonal matrix whose
elements are || e; [|?, D(k) is a diagonal matrix whose elements are || e; ||. We can,

then, write
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UT(k)U (k) = X" (k)X (k) = KT (k)G" (k)G (k) K (k) = [D (k) K (k)" [D (k) K (k)]
(4.37)

Once U (k) = D(k)K (k) [37] and using (4.18), (4.26), (4.27) and (4.28), we have
the following expression for Q,(k)

) (A2 [D7 (k= DK T (k- Da(k)]

Qp(k) = . T _ _
DY EYK T(k)xk) XN2D ' k)K T(k)KT(k—-1)DT(k—-1)

(4.38)

It is possible to find a physical meaning to the expression K~ (k)x(k) if (4.36)

is first rewritten as

€
ef
G"'(k)=K " (k)X"(k) = K™"(k) [2(k) N &k —1) -] = |
en
(4.39)
From the backward prediction problem (4.29), we know that
ey (k) = d” (k) = X (k)w}” (k) (4.40)

where d,(f)(k) is the weighted backward desired signal vector of order i — 1 or

[2(k —i) AV2x(k—i—1) --- AE=D25(0) 07]".
T . .
By differentiating e\’ (k)el” (k) with respect to w!” (k), it is straightforward to

show that the optimum backward prediction coefficients vector is given by

(k)dy” (k) (4.41)



If we recognize d,(f)(k) from (4.29) as x; in (4.35) and substitute first (4.41) in
(4.40) and then X (k) by GV (k)K® (k) (of order i — 1), we obtain, after some

manipulations, the expression

e 12

i—1 T
. ee; T;
e (k) =2~y (4.42)
j=0

which corresponds to ey_; = @; — x;, i.e., one of the vectors of the new base shown
in (4.36).
Once we know that e; is equal to e,()N_i)(k), these values can be used in (4.39)

and it follows that

K T(k)x(k) = (4.43)

where the above product is the a posteriori backward prediction error (with different
number of coefficients) vector at instant k.

It is worth mentioning that (4.43) brings an interpretation of the non-zero el-
ements of the rows of K (k) as the coefficients of backward prediction filters of
different orders. If we now recall that the elements of the diagonal matrix D(k) are
given by || e;(k) ||=|| €V (k) ||, the vector f(k) of (4.18) as seen in (4.38) is given
by

eV (k)/ || e (k) |

(N-1) (N-1)
e L] o

0 0
e, (k)/ || ey (k) |
and will be referred as the normalized a posteriori backward prediction error vector

at instant k.
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Moreover, using the same interpretation of D(k —1) and K (k —1), the vector
g(k) of (4.18) can be shown to correspond to

¢SV k) | e (k- 1) |

1(N-1) (N=1)(7.
AW G0

(k) || e (k —1) |
where a(k) is the a priori backward prediction error vector at instant & normalized
by the a posteriori backward error energies at instant k& — 1 and weighted by A\~1/2.

The expression for E(k) given in (4.38), however, does not lead to a relevant
physical interpretation and (4.27) remains the best representation for E(k). Another
alternative representation to E (k) (yet with no physical meaning) is A~7 (k) where

A(k) is the Cholesky factor of I + a(k)a” (k) [38].

Gram-Schmidt Orthogonalization for Upper Triangular U (k)

The informations given in (4.44) and (4.45) are exclusively valid for the lower
triangularization of U(k). For the upper triangularization of matrix U (k) we
shall choose a different set of orthogonal vectors {e,, e1,...,eyx} such that ey =
Try,e, =Ty 1 — LN 1,...,6N = Ty — Ly. In this case, we have xy = eg,xy 1 =
e +kyn_1€g,..., 2y = ey + kggeg + kiger + - -+ + kn_10en—1, which means that
koo -+ kon-1 1
X(k)=[eoer---en] | "1 ek m (4.46)

kN—lO

1 0

Equations (4.37) to (4.39) still hold in this upper triangularization case. From
the forward prediction problem (4.32), we have

e (k) = dV (k) - w! (k) (4.47)
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where d?)(k — i) =ds(k —1) and ds(k — i) = x; from (4.35).
By differentiating [egf)(k)]Tegf)(k) with respect to 'wgf)(k) and equating the result
to zero, we find the optimum forward prediction coefficient vector of order (i — 1)

and at instant k£ which is given by

T

X0k —1) d?)(k) (4.48)

wf () = {XO0 - DI X0k -} T

By substituting this equation in (4.47) and making X (k — 1) = GO (k —
K (k — 1), we have

Yive (k=D k=" 0|
o’ 0

This expression for e; can then be used in (4.39) for the upper triangularization

case and it follows that

KT (k)z(k) = ‘ (4.51)

where the above product is the a posteriori forward prediction errors (with different
orders and at distinct instants of time) vector.

It is also worth mentioning that (4.51) brings an interpretation of the non-zero
elements of the rows of K7 (k) as the coefficients of forward prediction filters of

different orders at distinct instants of time. Recalling that the elements of the
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diagonal matrix D(k) are given by || e;(k) ||=]| egf)(k — N +1) ||, vector f(k) is now

given by
[ Ok N) [P k-N) |
M. M. _
k) = ey (k—N+1)/ || e;’(k—N+1) (452)

M k)N eV (k) |

and will be referred as the normalized a posteriori forward prediction error vector.

By using the same interpretation of D(k — 1) and K 7 (k — 1), the vector g(k)

corresponds in the upper triangularization case to

Pk —N)/ | el (k- N-1)

eMk)/ || e (k- 1)
(4.53)

where a(k) in this case is the a priori forward prediction error vector normalized by
the a posteriori forward error energies and weighted by A~'/2.

We saw that in the case of upper triangularization, the normalized errors present
in Q, (k) are of different orders at distinct instants of time (order and time updating)

and this fact seems to be the cause of the extra computational effort of the fast

algorithms derived by using this type of triangularization.

4.1.3 The Inverse QR Algorithm

An alternative approach based on the update of the inverse Cholesky factor was
presented in [15]. This algorithm known as inverse QR (IQR) allows the calculation
of the weight vector without backsubstitution and some of its relations will be used

later in this work.

64



Starting from (4.6) and using [@(k) \/2X7T(k — 1)]T instead of X (k) on the

definition of Rp(k) and p,,(k), after some manipulations, we can show that
wk) =wk — 1)+ U (KU " (k)z(k)e (k) (4.54)

where €' (k) is the a priori error or d(k) — «” (k)w(k — 1) and the term multiplying
this variable is known as the Kalman Gain.

The product U ' (k)U T (k) in (4.54) can be found from previous quantities if we
invert (4.25) and use the so called matrix inversion lemma [2]. After some algebraic

operations, the result is

U''kU Tk = XU k-1DUT(k—1)—
A2 (RU Yk - Da(k)a” (k) U T(k—-1) (4.55)

Defining the vector u(k) as

u(k) = =Xy (k) U Yk - Da(k) (4.56)

we can rewrite (4.54) and (4.55) as

U kU (k) +ulk)u” (k) =X""U (k- 1DU T(k—-1) (4.57)

w(k) = w(k — 1) — y(k)u(k)e (k) (4.58)

where the Kalman vector is now expressed as —y(k)u(k).
It was noted in [15] that (4.57) implies the existence of an orthogonal matrix

Q, (k) such that

(4.59)
U~ (k)

u” (k) ]
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This can be verified by taking the transpose of (4.59) and multiplying by itself,
resulting in equation (4.57). Fortunately, Q,(k) is already known. By admitting a
partition of Q;(k) similar to the one used in (4.18) and imposing orthonormality,
we can see that (4.59) yields Q, (k) = Q,(k).

Since we know that Q,(k) is orthonormal, if we postmultiply this matrix by its

first row transposed, we shall have

k 1

Qy(k) 7 = (4.60)
—7(k)a(k) 0

By combining (4.59) (with Q;(k) = Q,(k)) and (4.60) (after dividing both terms

by 7(k)) in one only equation, we have

1/v(k)  uT(k) _ 0,0 1 o’ (4.61)
0 UT(k) U —ak) AUk - 1) '

Equation (4.61) is a key relation to the inverse QR algorithm. In order to have
all the necessary equations, let us now analyze the relation between the a posterior:

and the a priori errors. Replacing Q,(k) by its partition (given in (4.18), (4.26),
(4.27) and (4.28)) in (4.13), it follows that

e(k) = y(k)eq, (k) = 7*(k)e' (k) (4.62)

By following similar procedures in the backward and forward prediction prob-

lems, it is possible to show that

ev(k) = y(k)es,, (k) = 7*(k)ey (k) (4.63)

es(k) =2k = Dyeg,, (K) = +(k = )¢ (k) (4.64)

The equations of the inverse QR are presented in Table 4.2 while the detailed

algorithm description can be found in [15].
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Table 4.2: The inverse QR equations.

IQR

for each &

{ Obtaining a(k):
a(k) = \"2U T (k - 1)x(k)
Obtaining Q,(k) and (k):

RO

K J Qy(k) [ —a(k)J
Obtaining (k) and updating U~ (k):
IEAC N E
Uy | b | X120 T (k1) |
Obtaining e(k):

e(k) = [d(K) — 2" (Kw(k — 1)] (k)

Updating the coefficient vector:
w(k) =wk —1) —u(k)e(k)

4.2 Classification of the Fast QR Algorithms

From the conventional (O[N?]) QR decomposition method [1, 2] a number of fast
algorithms (O[N]) were derived [16]-[19]. These algorithms can be classified in
terms of the type of triangularization applied to the input data matrix (upper or
lower triangular) and type of error vector (a posteriori or a priori) involved in the
updating process. It was clear from the Gram-Schmidt orthogonalization procedure
that an upper triangularization (in the notation adopted in this work) involves the
updating of forward prediction errors while a lower triangularization involves the
updating of backward prediction errors. This section presents the equations of these
algorithms as well as a new one, referred as FQR_PRI_F, which is a fast QR using

upper triangularization (of the Cholesky factor of the data correlation matrix) and
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updating a priori forward errors (vector a(k)). Table 4.3 presents the classification

and introduces how these algorithms will be designated hereafter.

Table 4.3: Classification of the fast QR algorithms.

Error Prediction
Type Forward Backward
A Posteriori FQR_POS_F [16] FQR_POS B [17]
A Priori FQR_PRI_F new [20] | FQR_PRI_B [19, 18]

It is worth mentioning that the FQR_PRI_B algorithm was independently devel-
oped in [18] and [19] using different approaches. The approach which will be used
here was derived [19] from concepts used in the inverse QR algorithm [15]. The same
algorithm was also derived in [39] as a lattice extension of the inverse QR algorithm
[40].

In the derivation of fast QR algorithms, we start by applying the QR decomposi-
tion to the backward and forward prediction problems whose prediction errors were
defined in (4.29) and (4.32). Our aim is to triangularize X V2 (k) from equations
(4.30) and (4.33) in order to obtain Q™+ (k) such that

(0
(N+2) (N+2) _
QN (k) XN+ (k) = NE (4.65)

4.3 Upper Triangularization Algorithms
(Updating Forward Prediction Errors)

We will derive here the FQR_POS_F algorithm [16] and the new FQR_PRIF al-
gorithm. Initially, if we premultiply the backward weighted desired vector dy(k)
defined in (4.29) by Q(k) and use (4.10), two important relations will follow
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|l es(k) [P = ep, (k) + X || ek — 1) | (4.66)
€bq, (k) db(k)

= Qy(k) (4.67)
dbfh (k) )‘I/deth (k - 1)

where dy(k) = z(k — N —1).

In the backward prediction problem, the triangularization as seen in (4.65) is
achieved using three matrices, QN2 (k) = Q(k)Q,(k)Q(k), where Q,(k) and
Q, (k) are two sets of Givens rotations applied to generate, respectively, || e,(k) ||

and || e,EU)(k) ||. As a result we have

UN(k) = éb(k){

(4.68)

where QJ, (k) is a submatrix of Q) (k), [z(k)RT (k)] is the left part of U™ *? (k) and
[ e,()o)(k) || is the norm of the backward error of a zero-coefficient predictor.

In the forward prediction problem, the premultiplication of the forward weighted

[ Q(k—-1) 0 -I and the use of (4.10)
o’ 1 J

will lead to two other important relations given by

desired vector, d;(k) as defined in (4.32), by

ler(k) [I* = efy, (k) + A [l ef(k—1) | (4.69)
w® | s ()
dfl]z (k) - Qe(k 1) >‘1/2de2 (k - 1) (4‘70)

where dg(k) = z(k).
The upper triangularization of U®*? (k) in the forward prediction problem

Q-1 o]

is implemented by premultiplying e;(k) by the product Q (k) L o7 ) J ’
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where Q (k) is a set of Givens rotations generating || es(k) || by eliminating the
first £ — N elements of the rotated desired vector of the forward predictor. The

result is
di, (k) U(k—1
U(N+2)(k) _ fq2( ) ( i ) (4‘71)
lesk) [ O
Working with nonincreasing dimensions, it is easy to show that [2]
N Qy(k—1) 0
QP (k) = Qs (k) . (4.72)
0 1
where Qy;(k) is a single Given rotation generating || e;(k) || as in (4.69).
If we take the inverses of (4.68) and (4.71), the results are
U(N+2) k -1 _ - 0 R_l(k)
[ ( )] - 1 —ZT(k:)Ril(k:) J
L e ®l e wl
OT 1
- _ U '(x-vd,;,, k) (4.
1 faz
| U (k1) €

We can use the expressions of [U¥*2) (k)]=" given in (4.73) to obtain the vectors
FV*2 (k+1) and @™+ (k+1). The choice of one of these vectors will determine the
algorithm: updating f(k) (a posteriori forward errors) will lead to the FQR_POS_F
algorithm [16] and updating a(k) (a priori forward errors) will lead to the new

FQR_PRI_F algorithm [20)].

4.3.1 The FQR_POS_F Algorithm

In the FQR_POS_F algorithm, the vector N+ (k+1) = [UN*? (k+1)] Ta ™+ (k+
1) is expressed in terms of the relations obtained in the forward and backward
prediction problems. We shall first use the expression for [UN+?(k)]~! in (4.73)

that comes from the backward prediction evaluated at instant & + 1 to calculate
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FON*D(k 4+ 1), In this case we replace @™ (k 4+ 1) by [27(k + 1) z(k — N)|”
and then premultiply the result by Q'eTb(k + 1). The final outcome after some al-
gebraic manipulation (using equation (4.68) to help with the simplification of the

expression) is

(k1)
FOR (1) = @ (k4 1) Te,(F T (4.74)
flk+1)

Using the other expression for [U™+?(k)]~! (from the forward prediction) at
instant & + 1 and replacing £ +2 (k + 1) by [z(k + 1) T (k)]¥, we have

(k)
ef(k+1)
ey k+1)ll

FN(E4+1) = (4.75)

By combining (4.74) and (4.75), we have an expression to update f(k) given by

ep(k+1) f(k)

el | _ o T

s | Qo (K1) 0y (4.76)
(k+1)] € (k1)1

Once we have f(k+ 1), we can find the angles of Q,(k + 1) by postmultiplying
this matrix by the pinning vector [10 --- 0]”. From (4.18), we can see that the

result is

1 k+1

Qy(k +1) [ 1 = M( ) 1 (4.77)
Lo [ fk+1) |

However, the quantities required to compute the angles of Qp (k + 1) are not

available at instant k, and a special strategy is required. The updated Qy, (k + 1) is
obtained [2, 41] with the use of the vector e(k + 1) defined as

. 1
clh+1) = Q™ (k+1)Q (k)
b
= Qu(k+1) . (4.78)
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The submatrix QéNH) (

of Q§N+2)(k + 1) is available from (4.72) (forward prediction) and b does not need

k 4 1) consisting of the last (N +2) x (N + 2) elements

to be explicitly calculated in order to obtain the angles 6} .
Finally, the joint process estimation is calculated with (4.13) and (4.20), and the
FQR_POS_F equations are presented in Table 4.4. A detailed description of this

algorithm is found in Appendix C.

4.3.2 The New FQR_PRI_F Algorithm

Expressing a¥ 2 (k + 1) = [UND(E)] T2™+2(k 4+ 1)/v/X in terms of the matri-
ces in (4.73) and premultiplying the one that comes from the backward prediction

problem by Q% (k)Q' 5, (k) yields

vAles®l | = @1, " (k) , (4.79)
alk +1) JR s S
Valles (k)|

Once we have a(k + 1), the angles of Qy(k + 1) are found through the following
relation obtained by postmultiplying @ (k + 1) by the pinning vector.

kD o k) ! (4.80)
0 —a(k+1)

Since the angles of Qj, (k + 1) can be updated with the same procedure used
in the FQR_POS_F algorithm, we already have all the necessary equations of the
new fast QR-RLS algorithm presented in Table 4.5. The detailed description of this
algorithm is found in Appendix C.

4.4 Lower Triangularization Algorithms
(Updating Backward Prediction Errors)

Following similar steps as in the upper triangularization, it is possible to obtain

the lower triangular matrix U™ (k) from the forward and backward prediction
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problems.
In the backward prediction problem, the lower triangular U™ *? (k) is obtained
through the use of Q¥ (k) = Q,(k)Q(k), where @, (k) is a set of Givens rotations

applied to generate || e,(k) ||. The resulting Cholesky factor is

[ om Jlen) |l ]
L UG) di(h) |

On the other hand, in the forward prediction problem, the lower triangular of

UMD (k) = (4.81)

U(N+2)(k) is implemented by premultiplying e(k) by the product

, Qk—-1) 0 . ,
Q' (k)Q(k) o | where Q (k) and Q' (k) are two sets of Givens ro-
tations generating || e;(k) || and || egco)(k) ||, respectively. The resulting expression

is

U = @y | ™) U(’fT—l) B (0? }i(k)
lef) | 0 1901 2

(4.82)

where [R” (k) z(k)]” is the right part of U™ *? (k). Keeping in mind that (4.66),

(4.67), (4.69) and (4.70) hold, || ef(k) || can be recursively computed using (4.69).
Taking the inverse of (4.81) and (4.82) we have the following results

7U k)dqu -1
TN () = W U= (k)
1 OT
L e
T 27k R (k) 1
_ lePwi e )l (4.83)
R (k) 0

With the results obtained in (4.83), we can once more express the vectors
FY(E +1) and a™ D (k + 1) in terms of the partitions of UM (k4 1) )
If we update f(k), the resulting algorithm will be the FQR_POS_B while updating
a(k) we will have the FQR_PRI_B algorithm.
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4.4.1 The FQR_POS_B Algorithm

Expressing f N4 (k+1) = [UN*? (k+1)] T2¥ 2 (k+1) in terms of the matrices in

(4.83) and premultiplying the one that comes from the forward prediction problem
T .

by Qps(k +1)Q'y;(k + 1) yields

Te T F(k)
lesk+0ll | — o
;{; 1 - Qef (k + ]‘) ef(k+1) (484:)

Flk+1) Te; (e

During the derivation of (4.84), it was observed that the last element of f(k + 1) is
z(k er(k+1 . .

”e(fo()(izz)”. The term Heff((%l))n can be calculated as y(k)sinf(k+1) where sinf;(k+
1) = % is the sine of the angle of rotation matrix Q,(k + 1).

Once we have f(k + 1), we find Qy(k + 1) with the same relation used in the
upper triangularization algorithms, (4.77). Moreover, the joint process estimation
is carried out in the same way and the FQR_POS_B equations are presented in Ta-
ble 4.6. The detailed descriptions of two slightly different versions of this algorithm
is found in Appendix C.

4.4.2 The FQR_PRI_B Algorithm

This last algorithm of this family is obtained by expressing the vector a™+2 (k +
1)) = [UN* (k)] Ta&™+2) (k41)/v/X in terms of the matrices in (4.83) and premul-
tiplying the one that comes from the forward prediction problem by Q'ef(k)Q';Ff(k).
The updating equation is

eg(k+1) a(k)
Vl|ey(k _
€y (k)] — Q.Igf(k) ¢ (k1)

a(k+1) RG]

(4.85)

It is again important to mention that, during the derivation, it was observed that

z(k+1)

the last element of a(k + 1) in (4.85) is already known to be equal to AT

This fact leads to two slightly different versions of the same algorithm.
Once more, if we have a(k + 1), we can find Q,(k + 1) using (4.80) and the
joint process estimation is carried out with (4.13) and (4.20). The FQR_PRI_B
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equations are presented in Table 4.7. The detailed descriptions of two versions of

this algorithm is found in Appendix C.

4.5 Conclusions

This chapter derived a new algorithm named FQR_PRI_F or fast QR decomposition
RLS algorithm using a priori forward errors (based on an upper-triangularization
of the input data matrix according to the notation used here) and its relations
with other members of the fast QR algorithms family. A comprehensive framework
was used to classify the four fast QR algorithms of this family. Their derivations
in simple (only matrices equations) and detailed algorithmic descriptions were also
provided.

In terms of computational complexity, Table 4.8 shows the comparisons among
the four fast QR algorithms according to the algorithms detailed in Appendix C.
Note that p = N + 1 is the number of coefficients.

Finally, it is important to remark that the fast QR algorithms with lower trian-
gularization of the input data matrix or, equivalently, updating backward prediction
errors are of minimal complexity and backward stable under persistent excitation

17, 40].
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Table 4.4: The FQR_POS_F equations.

FQR_POS_F

for each k

{ Obtaining || e;(k+1) ||:

erq (k+1) r(k+1)

X = Qu(k)
dyq, (k+1) )‘I/Qdfln(k)
les(k+1) lI=y/e3,, 0+ 1) + X [l e (k) |
Obtaining Q,(k + 1):
costp(hk +1) = A2 | e (k) || / | e(k+1) |
sinfy(h +1) = eg (b + 1)/ [l gk +1) |
Obtaining ¢(k + 1):

QgNH)(kJr 1) = Quyk +1) [ Qy(k) O ]
o 1
OV ™ (k+ 1) = last (N +2) x (N +2)

ek +1)=Q5 " (k+ 1)Qpy (k)

1
0
E)btaining Qp(k +1):

b
0

Obtaining f(k + 1):

] =Q,," (k+1)e(k +1)

LGy ] — Q" (k+1) { e ]
Flk+1) \|eff(k+1)||

er(k+1)

_Obtaining Qy(k+1):
: ] — Qb+ 1) { Yy ]

|0 f(k+1)
Joint Process Estimation:

ek +1) ] Coyia [ de+ 1) ]
| d(k+1) | RERACH

e(k+1)=equ(k+1)y(k+1)
}

elements of Q

(k+1)
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Table 4.5: The FQR_PRI_F equations.

FQR_PRIF

for each &

{ Obtaining €/ (k +1):

}

q1 k 1 k 1
€f ( + )]Q‘g(k)|: JZ( +) ]
dfth (k + 1) )‘I/Qdfln(k)
ek +1) = epq (k+1)/7(k)

Obtaining a(k + 1):
I 7 a(k)

alk —bl— ) = Qy, (k) ¢ (k+1)
Obtaining Qg (k + 1):

| es(k+1) lI=y/e3,, (k+1) + X | e (k) |
costp(k+1) =N/ [l es(k) || / || es(k+1) |
sinflp(k+1) = e (k+1)/ || ef(k+1) |

Obtaining c(k + 1):
elements of Q§N+2)(/§ +1)

Valle; k)l

Qy (k)
OT
(k+1) =last (N +2) x (N+2

.

Q§N+2)(k +1) = Qys(k+1) [

= o

o (N+2)

Qy

~—

ek +1)=Qy 7 (k + 1)Qp (k)

Obtaining Qp,(k + 1):

b ] .

=Qp, (F+1)e(k+1)

0
Obtaining Qy(k + 1):

1/v(k+1 1

Jr(k + )]Qmm[ ]

0 —a(k+1)

Joint Process Estimation:

ey (k1) | o) [ de+ 1) ]
d (k1) | | A2d,, (k) |
e(k+1)=equ(k+1)y(k+1)
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Table 4.6: The FQR_POS_B equations.

FQR_POS_B

for each &

{ Obtaining dyy, (k + 1):
(k41 k41
€ ( ) — Q,(k) x( )
dfth(k_'_ 1) )‘I/Qdfln(k)
Obtaining || ef(k + 1) ||:
| es(k+1)[I= \/‘%‘ql (k+1) + Al es(k) |17
Obtaining Qj,(k + 1):
0 dpo, (k+1
]Q@%+D[ ek

| eP k1) | les(k+1) ||
Obtaining f(k + 1):

ep(k+1) f(/f)
€e,(k+1 o !

i ;C( i| ] = Q) (k+1) { o
flk+1) 1€k

+1)

Obtaining Qy(k + 1):

[ 1
]Qﬂk+w{

v(k+1)
0

F(k+1)
:]oint Process Estimation:
[ eq (k+1)
I d,,(k+1)
e(k+1) =eq(k+1)y(k+1)

}

|
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Table 4.7: The FQR_PRI_B equations.

FQR_PRI B

for each &

{ _Obtaining dsg,(k+1):

erq (k+1) ] — Q) |: z(k+1) ]
| dyq (k + 1) )‘I/detn(k)
Obtaining a(k + 1):
[ ¢ (k+1)

Ale | _ Q) (k) a(k)

a(k n 1) ! e (k+1)
i Valle (k)|
Obtaining || ef(k + 1) ||:
| es(k+1)[I= \/eifql (k+1) + Al es(k) |17
Obtaining Qj,(k + 1):

0 dpo, (k+1
o ]Q;f(kﬂ)[ ek ]

e (k+1) | les(k+1)
Obtaining Q,(k + 1):

1/v(k+1 1

/r )]Qmm[ ]
0 —a(k+1)

Joint Process Estimation:

cnlk+1) |
| d(k+1) |
e(k+1)=equ(k+1)y(k+1)

[ de+1) ]

ERl BU
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Table 4.8: Comparison of computational complexity.

ALGORITHM ADD | MULT. | DIV. | SQRT
FQR_POS_F 10p+3 | 26p+10 | 3p+2 | 2p+1
FQR_PRLF 10p+3 | 26p+11 | 4p+4 | 2p+1

FQR_POS_B (VERSION 1) | 8p+1 | 19p+4 |4p+1 | 2p+1

FQR_POS_B (VERSION 2) || 8p+1 | 20p+5 | 3p+1 | 2p+1

FQR_PRI.B (VERSION 1) | 8p-1 | 19p+2 |5p+1 | 2p+1

FQR_PRI.B (VERSION 2) | 8p+1 | 20p+6 |4p+2 | 2p+1
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Chapter 5

The Lattice Versions of the Fast
QR Algorithms

5.1 Introduction

The fast QR algorithms employing lower triangularization of the input data matrix
are known as “hybrid QR-lattice least squares algorithms”. It was clear from the
previous chapter that these algorithms may update the a posteriori or the a priori
backward prediction errors. Moreover, they are known for their robust numerical
behavior and minimal complexity but lack the pipelining property of the lattice
algorithms.

The main goal of this chapter is the presentation of the lattice versions of the
fast QR algorithms using a posteriori and a priori backward errors or FQR_-POS_B
and FQR_PRI_B algorithms according to our classification. The equations of these
algorithms are combined in an order recursive manner such that they may be rep-
resented as increasing order single loop lattice algorithms. These lattice versions
can then be implemented with a modular structure which utilizes a unique type of
lattice stage for each algorithm.

Before the derivation of these lattice versions, let us specify on Table 5.1 the
meaning of each variable used in both algorithms.

It is worth mentioning here that a variable with no superscript implies in an



N-th order quantity or, equivalently, is related to a N + 1 coefficients filtering. Let

us take as an example the norm of the forward energy: || e;(k) ||=|| e(fN+1)(k) |-

Table 5.1: Variables used in FQR_-POS_B and FQR_PRI_B algorithms.

ds,(k) : rotated forward desired vector
drpo(k) : last N+1 elements of d,(k)
ef(k) : forward error vector

s (k) | norm of e (k)
er (k) - rotated es(k)
k) - first element of ez, (k)
k) :  Givens matrix (updates the Cholesky factor)
k) : input signal
A forgetting factor
Qpy;(k+1) : Givens matrix (annihilates dygo(k + 1) in (E3))

I e(fo)(k) | - norm of ef(k) in a 0 coefficient case
f(k) : a posteriori normalized errors
a(k) : a priori normalized errors
ep(k) :  backward prediction error

|| es(k) || : norm of e, (k)

er(k a posteriori forward prediction error
e} k a priori forward prediction error
ep(k) :  a posteriori backward prediction error

product of cosines of the angles of Q,(k)

()
()
()
(k) : a priori backward prediction error
()
()

rotated error vector
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(Continuation of Table 5.1)

eq (k) - first element of e, (k)

d,(k) : rotated desired vector

d,, (k) : last N+1 elements of d,(k)
d(k) : desired signal
e(k) : output error

5.2 Deriving the Lattice Versions

The internal variables found in fast QR algorithms are closely related to those found
in conventional lattice algorithms. This was indeed the approach used in [17, 18] to
develop these algorithms originally and the implications are well explained in those
two references. As pointed out in [17], within this framework the solution to the
parameter identification problem was first addressed using fast QR algorithms. The
work of [37] stresses the fact that sinf; (k) and sinf, (k —1) represent the reflection
coefficients of the normalized lattice RLS algorithms (a priori and a posteriori).

On the other hand, the main idea behind the generation of a lattice (or fully
lattice) version of the fast QR algorithms is the merging of their equations using or-
der updating instead of fixed order variables. This can be done when partial results
possess this order updating property. This is indeed the case of the lower triangu-
larization type algorithms since the internal variables are synchronized at instant &
or k — 1 (only order updating). The same facility in obtaining lattice versions is
not observed in those algorithms employing upper triangularization (FQR_POS_F
and FQR_PRI_F) since since the normalized errors present in the orthogonal ma-
trix Qy(k) are of different orders at distinct instants of time (order and time
updating).

We next show how to combine the equations of FQR_POS_B in order to obtain

its lattice version. Starting from (4.70), we rewrite this equation evaluated at k + 1,
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with an explicit form of Q,(k) in terms of a product of N + 1 Givens rotations
Qy, (k) — see (4.15) — and with €f) (k+ 1) = z(k + 1).
€fn (k + 1)

cosfy (k) —sinfy(k) 0T
dfq21(k+1)

= | sinfn(k) cosOy(k) O
0 0 Iy

L dfl12N+1 (k + 1) i

(0)
_ er, (k+1
costy(k) 0T  —sinby(k) ol )
)‘I/detﬂl(k)
0 Iy 0 ‘ (5.1)
sinfy(k) 0T costy(k)
L I Al/Qdfq2N+l(k) |
The product of the first two terms, from right to left, results
COSH()(k)@Ec(;)I (k + 1) - Sineﬂ)\l/zdflﬂjv.u (k)
)‘I/detﬂl(k)
: (5.2)
Al/zdflﬂN (k)
| sinbo(k)efo (k + 1) + costo (k) A\ ?dyga, ., () |

The first and last terms of the above equation are, respectively, egclq)l(k + 1) and
dfqan,, (kK 4 1). If the other products are computed, one can reach the following

relations:

egzgl (k+1) = cos@i_l(k)egfq_ll) (k+1) — sinb_y (K)\?dsgon . (k) (5.3)

dfq2N+2—i(k + 1) = Sin9i,1(k)e§qu) (k + 1) + Cosei,l(k))\l/dequH_i(k) (54)

where ¢ belongs to the closed interval between 1 and N + 1.

0
If we use a similar procedure with the equation =

e’ (k+1) ]
dfl]z (k + 1)

Qys(k+1) lek+1)| (part of (4.82) used in the FQR_POS_B algorithm),
€r

we will find
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e (k+1) |
el ™k +1)
o dfq2N+2—i(k + 1)

sinf,  (k+1)= - (5.6)
fl—l 11—
lef™(k+1) |

costy  (k+1) = (5.5)

In the last equation, ¢ varies from 1 to N + 1 and the updating of the forward

error energy is done by the following generalization of (4.69)

1Pk +1) 1= /3 1| (k) 2 +[e, (k + 1) (5.7)

All other equations are joined in a single loop by computing partial results from
the partial results of the previous equations. The resulting algorithm is shown in
Table 5.2 and, although not identical, is similar to the one presented in [42]. A
stage of its lattice structure is depicted in Figure 5.1 where the rotation and angle

processors can be easily understood from the algorithmic description.

el lk+1) ) > erg(k+l)
8..(K)
a2, (k+1) eau(k+1)
6,.(k+1)
énlk+1) > > o) (k+1)
6‘,1(k+1)I
3 0
v (k+1) >© v V(k+1)
llelk+D)] > > 180+ D)
%’nﬁkﬂ)
frsi(k+1) » fr(k+1)
auxi, > > aux

Figure 5.1: One stage of the FQR_POS_B lattice structure.
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Finally, the lattice version of the FQR_PRI_B algorithm is obtained in a way
which is very similar to the one used to derive the lattice version of the FQR_POS_B
algorithm [19]. The algorithm is shown in Table 5.3 and Figure 5.2 depicts one stage

of the lattice structure for this algorithm.

era,(k+1) » > edi(k+l)
8..()
dfo2,.... (k+1),eau(k+1)
8.,(k+1)
enlk+1) > > eq(k+1)
ei,1<k+1)I
1fy (k+1) >© > 1y (k+1)
(i-1) (i)
lletk+1)11 : > I+

0'r.,(k+1)

0',.(k)

> 8N+1—i(k+l)
» alX

Ao (k+1)
aux\ -1

Figure 5.2: One stage of the FQR_PRI_B lattice structure.

5.3 Simulation Results

This section presents some simulation results to test the fast QR algorithms in a
finite-precision environment. The setup is a system identification problem with a
system order of N = 10. The input signal was a colored noise whose eigenvalue
spread of its autocorrelation matrix is around 187 and SNR = 40dB. The mean-
square error (MSE) in dB was measured running the algorithm with a floating-point
arithmetic with quantization applied to the mantissa in all operations. The mantissa
was rounded excluding the sign bit and assuming the exponent wordlength was
sufficient to represent all dynamic ranges. In all algorithms, the constraint of passive
rotations (sin?6@ + cos? < 1) was imposed. In the first experiment, the mantissa

wordlength was varied (8 to 16 bits excluding the sign bit) while keeping fixed the
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value of the forgetting factor (A = 0.98). Next, the lambda was varied (0.90 to
1.0) for a fixed mantissa wordlength (10 bits). The results, which correspond to the
average of ten independent runs, can be observed in Figure 5.3 and Figure 5.4. The
figures show that the latice version of the FQR_PR_B algorithm has a performance
in finite-precision which is close to the other fast QR algorithms specially when A
is not too close to one. It is also interesting to note that, although the a prior:
algorithms seem to show worse performance, these algorithms do not require the
constraint of passive rotations to have the backward consistency guaranteed. It is
also claimed in [43] that they have better performance for small mantissa wordlength

and A not too close to 1.

_ogk O  FQR_POS_B original
+ FQR_POS_B lattice
* FQR_PRI_B original
28 X FQR_PRI_B lattice
—30- *
m —32
=]
fin]
%]
= g4t
*
+
-36F X
-38+ e} *
X
+ *
-40 o i
S *
% ) % ¥ 5
-42 -
9 10 11 12 13 14 15 16

Figure 5.3: Performance of the algorithms in a finite-precision environment (varying

B, the number of bits in the mantissa).

5.4 Conclusions

This chapter presented the fully lattice versions of the fast QR algorithms that
update a posteriori and a priori backward errors. The results from the Gram-
Schmidt orthogonalization used in Chapter 4 were used to conjecture the reason
why only the fast QR algorithms using lower triangularization would have their

lattice versions easily implementable.
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Figure 5.4: MSE in db for different values of \.

The detailed description of the lattice versions of the FQR_POS_B and FQR_PRI_B
algorithms were presented.

The simulation results showed that the performance of the lattice versions in a
finite-precision implementation is comparable with the original algorithms. The lat-
tice versions have the same complexity of their original algorithms (FQR_-POS_B and
FQR_PRI_B) and a lower complexity than the fast QR lattices algorithms previously
proposed in [22].

88



Table 5.2: The lattice version of the FQR_POS_B algorithm.

LATTICE FQR_POS_B

Soft-constrained initialization:
e = small positive value;
fori=0:N+1

{lef () lI=e

}
dsg2(k) = zeros(N + 1, 1);
dg2(k) = zeros(N + 1, 1);
cosO(k) = ones(N + 1, 1);
sin@(k) = zeros(N + 1,1);
f(k) = zeros(N + 1, 1);
for each k

{ e (k+1)=a(k+1);

1P+ 1) f1= /8 (k+ D12+ A | e (k) |2

z(k+1)
1€ (k+1)]|”

auxry =

fnii(k+1) = auxy;
YOk +1) =1
ek +1) =d(k+1);
forer=1: N+1
{ dpoayso i (k+1) = sinb_y (k)el' Y (k + 1)+
cost;_1 (k)N d g2y, (K);
egfgl(k +1) = cosei,l(k)egfqzl)(k +1)—
sinb;_1 (k)A\Y2d g ., ,(k);
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(Continuation of Table 5.2)

e (k+1) [l= /16, (k+ 1 + A €9 (k) 1
costy_ (k+1) =] e (k+1) || /| ek +1) |
sind (k+1) =dsgy,, (k+1)/ ] eV (k+1)

fN+27i(k)—sin0,fi7 (k+1)auz;—1
fN—l—l—i(k + 1) = cos0;. 1(/7c1+1) ;

aur; = —sinly,_ (k+1)fy1-i(k+1) + costly,_ (k+1)auw; y;
YOk +1) = VYD (k+ DI = [fyso-i(k + 1)
costi_1(k+1) = %m’
sinf; 1(k+1) = %&’gﬁ))’
d@2n42 i(k+1) = sinb;_1(k + 1)63171)(/? + 1)+

cost; 1 (k + 1))‘1/2dq2w+2_i(k);
e (h + 1) = cosbi_y (k + 1)eli™ (k +1)—

sinf_ (k + ]‘))\1/2dq2N+2—i (k) ;

}

e(k+1) = efy D (k+ 1)y™MD (k + 1);
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Table 5.3: The lattice version of the FQR_-PRI_B algorithm.

LATTICE FQR_PRI B

Soft-constrained initialization:
¢ = small positive value;
fore=0:N+1
{Ilef®) =
}
dsepo(k) = zeros(N + 1,1);
dy (k) = zeros(N + 1,1);
cos@(k) = ones(N + 1,1);
cos0's (k) = ones(N + 1, 1);
sin@(k) = zeros(N + 1, 1);
sin@’s (k) = zeros(N + 1,1);
a(k) = zeros(N + 1,1);
for each £

2(k+1)

aury) = —=——5—;
{ CIIGIR

an+1(k + 1) = aux;

6531)1 (k+1)=z(k+1);

1P+ 1) f1= /8 k+ D12+ A | e (k) |2
17Ok +1) = 1;

e (k+1) =d(k+1);

91




(Continuation of Table 5.3)

fori=1:N+1
aN+2_i(k)fsin9}i_l(k)aumi,l

3 k 1 - 7 )
{ aN+1 ( + ) cosﬂfi_l(k)

auz; = —sinlly_ (k)ani1-i(k + 1) + costy,_ (k)auw; i;
dfgan s (k+1) = sinﬁi,l(k)efq (k+1)+
cos0;_1 (k)N 2d g2y o (K);

65‘21 (k+1)= cos@i_l(k)e%—ll)(/ﬂ +1)—

sinfi—1 (K)A\Y2d sy, (k);
el (k+1) = we;’; (k+DP+A| e}“( ) |12
costy_ (k+1) =] ef '(k+1) ||/||e (k—i—l) IE
sinf),_, (k+1) = dpgay,, (k+ 1)/ | €V (k +1) |
14Ok +1) = V0D (k + DP + [ansei(k + 1)]%
cost;_1(k+1) = Lyt Dk,

D t1)
sinf;_1(k+1) = %ﬁ;;),
dq2n1o-i(k + 1) = sinf;_1(k + 1)ey (i- )(k L)+
cost; 1 (k + 1))‘1/2dq2w+2_i(/€);
e (k +1) = cosb_ (k+ 1)eb D (k +1)—

sint—1 (k + 1)>‘1/2d421\1+27i (k)v

}

e(k+1) = e "V (k + 1)/[1//V D (k + 1)
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Chapter 6

Contributions to the

Finite-Precision Analysis of the

Fast QR Algorithms

6.1 Introduction

In chapter 4, it was remarked that the fast QR algorithms with lower triangular-
ization (according to the notation used in this work) of the input data matrix are
minimal in a system theory sense and backward stable [40]. It was also shown that
they have lower computational load when compared to the fast QR algorithms us-
ing upper triangularization. Moreover, it was observed in [43] that the FQR_PRI_B
algorithm performs better for forgetting factors not too close to one due to the fact
that passive rotations are not necessary.

These facts turn these algorithms natural candidates for practical implementa-
tion and the finite-precision effect is then a topic of major concern. This chapter
deals with the determination of the steady-state quantization error of the inter-
nal variables of both FQR_POS_B and FQR_PRI_B algorithms. A complete finite-
precision analysis of both algorithms are beyond the scope of this chapter but the

process of obtaining the mean-squared value of accumulated quantization errors of



some variables are presented as a contribution towards the solution of this prob-
lem. The validation of the expressions obtained are carried out through computer

simulations.

6.2 Infinite-Precision Analysis

This section reviews the dynamic range of the internal quantities of the FQR_POS_B
and FQR_PRI_B algorithms. Most of the results presented in this section are avail-
able in the technical literature but are reviewed here, for they are required in the

finite-precision analysis.

6.2.1 Infinite-Precision Results for the
FQR_POS_B Algorithm

All variables have the same notation used in Appendix C. Note that the version 2

of the FQR_POS_B algorithm will be used hereafter.

Mean Squared Values of cosf;(k) and sind;(k)

The following results can be found in [44].
Elcos®0;(k)] ~ A (6.1)
E[sin?0;(k)] =~ 1 — A (6.2)

Mean Squared Value of egfgl (k)

The following result can be found in [45].

e {0} = (25) (63)
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Mean Squared Value of dyg, (k)

The following result can be found in [45].

P~ 125 () (6.4

Mean Squared Value of || egf)(k) I

The following result can be found in [45].

Bl ) I~ 125 (125) 69

Mean Squared Values of cosfl}, (k) and sint}, (k)

The following results can be found in [45].

2\

2! ~
Elcos*0}, (k)] ~ T (6.6)
o 1— )

Mean Squared Value of v (k)

If we recall from Chapter 4 that v(k) = [[, cosfi(k), use (6.1) and (6.2), and
assume independence between cosf;(k) and cosb;(k), i # j, it is easy to find the

next expression also obtained in [43] using a different approach.
E{p @)} ~ X (6.5)

Mean Squared Value of f;(k)

If we take the square of v (k + 1) from version 2 of the FQR_POS_B algorithm
in Appendix C and substitute cos?0; ;(k + 1) and then sin?6; 1(k + 1) for the

expressions also found there, we obtain

Ok + 12 = DR+ D = fRipa(k+1) (6.9)
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By taking the expected value of (6.9) and the approximation of (6.8), we find the

following expression also available in [43].

E[f3 (k)] = AN — )) (6.10)

)

If we take from Appendix C the expressions for f;_;(k+1) and auz;, and use them to
calculate E[f2 (k)] + Elauz?], it is straightforward to obtain Elauz?|+ E[f2 (k)] =
Elaux?_ )+ E[f?(k)]. Seeing that fxyi(k+1) = auzyy1, it is easy to figure out that
Elauz?] = E[f?(k)] and, therefore, (6.10) can also be used as a good approximation

for Elauz?].

Mean Squared Value of d, (k)

The following results can be found in [44].

oA 1°| o2 9 2 & 9
E[ 42N 41— z( )] ~ {1_’_)\} 1 _)\w07i+ 14\ Z Wy, (6‘11)
j=i+1

where wg; = E[w}(k)]. Observe that although wy; is not available, a rough estimate

of oJwg,; can be obtained based on the power of the reference signal [44].

Mean Squared Value of eg?(k)

From the Joint Process Estimation part of the FQR_POS_B algorithm we take the
expressions of e\ (k + 1) and dg2y,» ;(k + 1), and use them to derive the expected
value of [e{)(k + 1)]2 + [dg2x,»_;(k + 1)]*. By assuming stationarity, we find the

following relation.

E {[eg) (W)} = E {[ef, " (k)]*} - VEldg,,,_,(K)] (6.12)
where E{[eg?)(k)]z} = 0% = 02)1 w2, + o2 is the variance of the reference

signal and o2 is the variance of the measurement noise (it is assumed here that the
algorithm is applied in a sufficient-order identification problem, i.e., the unknown
FIR system has the same order of the adaptive filter).

Finally, from the last equation of the algorithm, we have E[e?(k)] =~ AV Ele? (k)].
Since from (6.12) and (6.11) we have that E[e? (k)] = o7, the following expression
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results:

E[e*(k)] = AV to2 (6.13)

6.2.2 Infinite-Precision Results for the
FQR_PRI B Algorithm

The FQR_PRI_B algorithm is similar to the FQR_POS_B algorithm in a sense that
five of its seven equations are identical (three of them are matrix equations) as can
be seen from Tables 4.6 and 4.7. It means that except (6.9) and (6.10) all other
equations presented in this chapter remain valid and only the expression for the mean
squared value of a;(k) is left for the infinite-precision analysis of this algorithm. It
is worth mentioning that only version 2 of the FQR_PRI_B algorithm, as described

in Appendix C, is under investigation here.

Mean Squared Value of a;(k)

From the implementation of (4.80) described in version 2 of the FQR_PRI_B algo-
rithm (step “Obtaining Q,(k + 1)”) we have (see Appendix C)

Ao ik +1) = (k+ 1] 2 = [y Dk +1)) 7 (6.14)

By taking the expected value of (6.14), using the approximation of (6.8), and em-
ploying the averaging principle [46, 47], it follows the next expression also available

in [43].

Ela?(k)] =~ X N+20(1 — )\ (6.15)

7

If we take from Appendix C the expressions for a; 1(k + 1) and auz;, and use
them to calculate E[a? (k)] + Elauz?], it is straightforward to obtain E[auz?] +
Ela? (k)] = Elauz?_ ] + Ela?(k)]. Since any1(k + 1) = auzy1, it is easy to figure
out that E[aux?] = E[a?(k)] and (6.15) can also be used as a good approximation

for Elauz?].
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6.3 Contribution to the Finite-Precision Analysis

This section first presents the fixed-point quantization error model to be used in
the rest of the chapter. The first matrix equation of the FQR_PRI_B algorithm
is then analyzed as an example of the method used. The results of this analysis
are very good as will be seen in the next section. On the other hand, the analysis
expression for the initialization of the second matrix equation of the same algorithm
presented poor result when the so called averaging principle was used. An alternative
to the averaging principle is then derived and applied to develop a more accurate

approximation.

6.3.1 Fixed-Point Quantization Error Model

A number of assumptions are made here in order to have a simple model of the
quantization error. We assume that no overflow due to additions and subtractions
occurs. Two’s complement arithmetic is used for numeric representations of the
internal variables which are assumed properly scaled to avoid overflow. It is as-
sumed that the operation x (multiplication, division or exponentiation) introduces

the following quantization error.
ne(a,b) = axb— Qla b (6.16)

where a and b are scalars and it is assumed that the instantaneous quantizations are

performed by rounding such that the quantization error is a white noise with zero
2—2B

mean and variance -,

B being the number of bits excluding the sign bit.
The accumulated quantization error is defined as the difference between the
infinite-precision implementation and the finite-precision implementation of a vari-

able. If r(k) is a variable, its accumulated quantization error is given by
Ar(k) £ r(k) — ro(k) (6.17)

and we are interested here in finding the mean squared value of this quantity.
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6.3.2 The FQR_PRI_B Algorithm:
Mean Squared Value of Ae%l(k) and Ad g,

Let us start by analyzing (4.70) in finite-precision. Note that the analysis expressions
that will be obtained from this matrix equation is valid for both FQR_POS_B and
FQR_PRI_B algorithms (and are expected to be quite similar to the FQR_POS_F
and FQR_PRIF counterparts) since the following expression is common for all the

four FQR algorithms studied.

erq (k+1) 0,k x(k+1) (6.18)
dfth (k + 1) )‘I/Qdfln(k)

where z(k+1) is assumed to be already quantized as well as all other external signals

and constants. The previous equation is implemented as

65331 (k+1) = cosﬁi,l(k)e(izl)(k +1)

faq
—sin;_1 (F)Ad gy ., (k) (6.19)
dopyse(k+1) = sinf_i(k)el ) (k +1)
+cos; 1 (k)N 2dpgon,, . (K) (6.20)

where i =1: N + 1 and 652])1 (k+1) =xz(k+ 1). Equations (6.19) and (6.20) above

implemented in finite-precision are given by

D (k+1) = costiok)el )k +1)

6f‘11;Q fa1;Q
—sinb;—1.0 (k)N 2drqay o (k) — (k) (6.21)
digon ook +1) = sind;_yq(k)el o (k +1)

+eosti10(k)A P dgy o_i@(k) —12(k)  (6.22)

where 0y (k) = nar(cost; 1,0(k), €y L (k+1)) = e (sind; 1.0 (k), A2, dpgayo_io (k)
and 1 (k) = nar(sinb;_1,o(k), el 0 (k + 1)) + mar(cosbi1,0(k), A2, dpgay i (k)
are the quantization errors introduced by the multiplications.

From (6.19) and (6.21), we derive the expression for the accumulated quantiza-
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tion error of e(figl(k + 1) as follows.

Aegfgl(k +1) = egfgl(k +1)— egf;l;Q(k +1)
= costi_i(k)elr "V (k +1)
—sinﬁi_l(k))\l/dequ+27i(k)
—cosﬁi,l;Q(k)egf;g)(k +1)

+sinbi1,0 ()N *dpoy o (k) + m (k) (6.23)

In (6.23) by replacing the four quantized values by the infinite-precision value
minus the accumulated quantization error (as in r¢(k) = r(k) — Ar(k)) and admit-
ting that the absolute values of the cross products of the accumulated quantization

errors are much smaller than the absolute values of the other terms, we find

Ael) (k+1) ~ cost_1(k)Ael, Y (k+1) + Acosti_y (k)el, V) (k +1)
_Singi—l(k)A1/2Adfq2N+2fi(k)

—Asinb;_y ()N 2dsgox ., (k) +mi (k) (6.24)

If we now assume that n;(k) and the accumulated quantization errors are zero
mean and have a very small cross-correlation between each other, the following

expression can be easily obtained.

B{lacly (- DP} ~ B {foostis (A, + DI}
+F {[Acos&i,l(k)egfqzl)(k + 1)]2}
+AE {[Singi—l(k)Adfq2N+2fi(k)]2}

2 {[Asindy (K)o, (R} + Bl (k)] (6.25)

The final expression for the mean squared value of Ae%l (k + 1) is obtained
by assuming stationarity, by assuming that the variables are uncorrelated with the

accumulated quantization errors, and by using the results from the infinite-precision
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analysis. That is

E{[ac) (1)}

Q

2723

where Enf (k)] = 225-.

2B {1ael, V() |

(
o (12+—AA> i~ 1))E {[Acost,_, ()}
A1 = N E {[Adggan,,_; (K)*}

: (%) {[Asinf_, (F)?} + Elr2(k)] (6.26)

o
1+ A

The accumulated quantization error of dyg, ., ,_,(k+1) will be next derived from

(6.20) and (6.22).

Adflﬂszﬂ' (k + 1)

dfq2N+2—i(k + 1) - dfq2N+27i§Q(k + 1)
sinﬁi_l(k)egf;”(/ﬂ +1)
+00895*1(k))\1/2dfq2N+2—i (k)
—smﬁi,l;Q(k)egf‘;%(k +1)

—cost;_1,0(k)N Pdsoay.s o(k) + (k) (6.27)

By using the same approach and assumptions used for obtaining F {[Ae%l (k)]Z}

we find the mean squared value of the accumulated quantization error of dg49y,_, (k+

1) given by

E { [Adfq2N+2—i (k)]Q}

2—23
12 -

where E[n3(k)] = 2

ox 22\ . ,
2A(1— ) (1 +)\) E{[Asinfi (k)]"}

r B {[Ad V)

~
~

T+ X .
+2(1(?)\2) <12+AA> E{[Acostia (b))
Ei[n_%(;)] (6.28)
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6.3.3 The FQR_PRI_B Algorithm:

Mean Squared Value of Aauzg

In the former section, we have given as an example of finite-precision analysis, the
expressions for the mean squared values of the accumulated quantization errors of
the first matrix equation of the FQR_PRI_B algorithm. The next matrix equation
of this algorithm has an initialization (parameter auxg) given by

eflh(k+ 1)
Y(R)AV2 || ep (k) |l

In a finite-precision environment, the previous equation is implemented as

(6.29)

auxry =

_ erqek +1) _
W00 = TN | ey (R) g —m(e) ) (6:50)

where 73(k) and (k) are the quantization errors due to the multiplication and

division, respectively.

From (6.29) and (6.30), we write the accumulated quantization error of auzy as

Aauxy = auxy)— auzgg
erg (b +1)
V(A2 || ep (k) ||
B efql;Q(l€ + 1)
Yo(k)AV? || es(k) llg —ns(k)
erq (k+1) _ erai(k +1)

= - r— Ar + 774(k) (631)

+ na(k)

where r = y(k)AY2 || ef (k) ||.

If we use the approximation —— a1 (1 + 27) in (6.31) and substitute es,,;o(k+

r—Ar r
1) by epq, (k + 1) — Aegy (k + 1) we obtain

Acsg(k+1) _ legg (b +1) = Aegy, (K + D]Ar (k) (6.32)

Aauzy ~
r r

By substituting the expressions of r and Ar in (6.32) and assuming that the
term with the product of the two accumulated errors is much smaller in absolute

value than the other terms, we obtain

Aesg, (k+1)  epp(kF+1)A | es(k) |
M2y(k) [ ep(k) [ AV2y(k) [ ep(k) |2
erq (b + 1) Ay(k) erq (K + 1)nz(k)

X e (R | 2R Teg ey 2 R (6:33)

Aauzy =~
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If we now assume that the instantaneous errors (n3(k) and n4(k)) and the accu-
mulated errors (Aes,, (k+ 1), A || ef(k) ||, and Ay(k)) are zero mean with small
cross-correlation between each other, the mean squared quantization error of auzx,

results.

Fsont) = o1 [ e k]

+Eni (k)] (6.34)

From the infinite-precision analysis, we have FEle}  (k)], E[y*(k)], and
E[|| ef(k) ||*]. If we use the averaging principle and approximate E[1/z?] and
E[1/z%] by 1/E[2?] and 1/E[z"], respectively, and substitute the results from the

infinite-precision analysis, we find

E {[Aauz?} ~ Sv;j;(l;;) E {[Aegy (K)]2)

e (122) Ela les® 1)
Fova B {0 B))

el (52) mzeen

+E[n; (k)] (6.35)

where E[13 (k)] = E[ (k)] = 25~

12

As will be seen from the simulations, (6.35) presents a value in dB which defers
more than one dB from the simulated result. Nevertheless, we still claim that (6.34)
is a reasonable approximation for E {[Aaux,]?}. Let us see in the next subsection

how to validate (6.34).
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6.3.4 Refining the approximations of E[1/2? and E[1/z*]

The so-called averaging principle [46] has been widely used in the derivation of
relations used in infinite and finite-precision analysis and is stated as

fla(R)\ _ E{flz(k)]}
E{g[yac)] } ~ Baly(h)]} (6.36)

which in the present case is valid for large k and forgetting factor close to unity [44].

One reason of the poor result of (6.35) is due to the approximation of E[1/x?(k)]
by 1/E[z*(k)] and E[1/z*(k)] by 1/E?[z*(k)]. The purpose of this subsection is to
derive more reliable approximations for these expressions in order to validate (6.34).

We started to search an alternative solution to this problem by taking the Gaus-
sian Moment Factoring Theorem [1] for four samples of a zero-mean, real Gaussian

process' and admitting they are all equal to x(k). The resulting expression is
E[z*(k)] = 3E3[2* (k)] (6.37)

If we now admit that z(k) has a mean value different from zero (E[z(k)] = Z) and

model it as z(k) = 2'(k) + & with 2'(k) being zero-mean real Gaussian, we have

Elz' (k)] = Bl(«'(k) +1)"]
= 3E[«"*(k)] + 6 B[z (K)]a® + &

= 3E?[2%(k)] — 27" (6.38)

By using the same approach of [4] and equation (6.38) we will derive an expression

LE[21222324] = E[2120)E[2324] + E[2123]E[2224] + E[2124] E[2223]
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for E[1/2%(k)].

= W) (”“ E2[2(F)

1 (E[k)

= E@(k) (E?[aﬂ(k)]* )
3E?[a2(k)] — 21"

Q

(6.39)

Finally, we can find an approximation for E[1/z*(k)] if we use an auxiliary
variable y = z?(k) and (6.39). It is easy to see that Fly] = E[x?(k)] and that
E[y?] = E[z*(k)] is available from (6.38).

1 3 {3E*[22(k)] — 22'}° — 2 {E[22(k)]}"
Lﬂ(k)} ~ {3E2[z2(k)] — 22*}° (6.40)
where T = E|z(k)].

It is worth mentioning that the above approximations are valid whenever the
series expansion used in the derivation is valid. The critical case happens when x(k)
tends to zero (division by zero) and the best results come when the Z/o, is not
so low. A small simulation was carried out to check the results of the expressions
derived here. In this simulation, z(k) was a Gaussian random variable with variance
02 = 1073 and mean value set to 0.1, 0.3, 0.5, and 1.0. The following Table 6.1
displays the results of a 100000 samples simulation and it is clear from there that
these new expressions outperform old approximations for different values of z/o,.
Also note that for case of the smallest mean value (z = 0.1), the variable crosses
the zero several times and this is the reason for the large values of [x%(k)]

By using equations (6.38), (6.39), and (6.40), we can obtain the following ex-
pressions to be used in (6.34) whose results, as will be seen from the simulations, are
more accurate than the results obtained with (6.35). Note that the new relations
obtained here were used specifically with the purpose of validating (6.34) since we

do not have E[y(k)] and E[|| ef(k) ||] available from the infinite-precision analysis.
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Table 6.1: Comparison of Performance of the New Expressions.

EXPRESSION [ =01 | =03 [Z2=05|Z=10
Elz*(k)] 1.631310* | 0.0086 | 0.0640 | 1.0060
E*[a? (k)] 1.210010* | 0.0083 | 0.0630 | 1.0020

(6.38) 1.630010~* | 0.0086 | 0.0640 | 1.0060
Bl 5] 2.848910* | 11.5041 | 4.0490 | 1.0030
0] 90.9092 | 10.9890 | 3.9841 | 0.9990
(6.39) 122.4642 | 11.4694 | 4.0474 | 1.0030
B ) 4.1738 10" | 139.0497 | 16.6687 | 1.0101
I 8.2645 10° | 120.7584 | 15.8728 | 0.9980
(6.40) 1.1644 10* | 134.6784 | 16.5959 | 1.0098

3E%[y2 (k)] — 2E4[v(k))]

1
E[ﬂk) ~ B3 2(F)
E{ L] BENAR] — 2B D)) — 2B 0 ()]
) BE2(R)] — 28 [ (R)])°
E{ L] 3Bl ek [ - 2 eg(h) []
GIE B (k) ]
. [ L] 3BEN ek - 25| ey () 1) — 2B ey (k) |
CIE BE (k) [ — 25| e, (k) T}

(6.41)

6.4 Simulation Results

In order to verify the accuracy of the formulae presented in this chapter, a computer
simulation of the FQR_PRI_B algorithm running in a fixed-point arithmetic envi-
ronment was carried out. The experiment consisted of a system identification set
up with input signal and measurement noise with normal distribution, zero-mean

and variances 02 = 1073 and 02 = 1077, respectively. The unknown FIR system has
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order N = 4 and the forgetting factor was chosen equal to A = 0.95. In the 500 in-
dependent runs, the FQR_PRI_B algorithm was simulated with 1000 iterations and
the last 800 were averaged to obtain the results presented here. Two’s complement
rounding was used with B = 15 bits (excluding the sign bit) while infinite-precision
was implemented with 64 bits floating-point.

All theoretical results of the accumulated quantization errors shown in the follow-
ing tables were obtained from the analysis relations where the “unknown” quantities
— variables not analyzed — were taken from the simulations with the purpose of
verifying the expression. Moreover, the column DIFFERENCE was obtained as the
absolute value of the difference of the simulated value in dB minus the theoretical
value in dB.

Table 6.2 below shows the results of (6.26).

Table 6.2: Mean Squared Value of Aegfgl(k).

EXPRESSION | SIMULATED | THEORETICAL | DIFFERENCE
E {[Ae}”ql(k)]Q} 0.0347 10°% |  0.0330 10°* 0.2260
E{[Ae}”ql(lﬁ)P} 0.0692 10~* |  0.0655 10~% 0.2397
E{[Aegf”)ql(k)]?} 0.1041 10 |  0.0982 10~* 0.2538
E {[Aegf)ql(k)]?} 0.1389 10~* |  0.1307 10~* 0.2643
E{[Aesf)ql(k)]?} 0.1730 10® |  0.1630 10°* 0.2576

Following, Table 6.3 shows the results of (6.28).

Table 6.4 displays the results of E {[Aauz,]?} with the help of different relations.
Note the improvement of the results with the refined expression. It is important to
mention that E[y(k)] and E||| e;(k) ||] in (6.41) were not taken from the simulation
results but calculated from E[y%(k)], E[|| es(k) ||*] and the variances of v(k) and
| ef(k) ||. These variances were actually obtained from the simulations. This

procedure was used in order to guarantee that E[z?] > E?[x] for E[z?] = 02+ E?[z].
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Table 6.3: Mean Squared Value of Adygp, (k).

EXPRESSION || SSMULATED | THEORETICAL | DIFFERENCE
E{[Adysg, (k)]2} || 0.3330 108 0.3813 1078 0.5875
E{[Adyg,(k)]2} || 0.3128 108 0.3531 108 0.5258
E{[Adysg, (K)]2} || 0.2014 108 0.3252 10 % 0.4771
E{[Adyg, (k)]2} || 0.2608 108 0.2976 108 0.5739
E{[Adysg, (K)]2} || 0.2458 1078 0.2704 10~% 0.4151

Table 6.4: Mean Squared Value of Aaux.

TYPE OF RESULT E {[Aauao)?}

SIMULATED 3.2229 107

EQUATION (6.35) 2.4923 10~
DIFFERENCE 1.1165

EQUATIONS (6.34) AND (6.41) 2.7751 1077
DIFFERENCE 0.6497

EQUATIONS (6.34) AND (6.41) IMPROVED? | 2.8572 107
DIFFERENCE 0.5230

6.5 Conclusions

108

This chapter aimed an introduction to the topic finite-precision analysis of the
fast QR algorithms based on the backward prediction errors (FQR-POS_B and
FQR_PRI_B algorithms). A survey on the infinite-precision analysis for both al-
gorithms were presented and, although not mentioned before, every expression was
checked with computer simulations and validated for a mean squared value of all
variables within one dB. The fixed-point quantization analysis was carried out
for a matrix equation which is common for both algorithms and it was tested for

2Using results of simulations instead of its corresponding theoretical values.



the FQR_PRI_B algorithm with excellent results. Another expression was analyzed
showing a possible problem typically found in the analysis procedure. An expression
for this analysis was developed using the averaging principle and an alternative ap-
proximation was derived to improve the results if the first-order statistics (mean) of
some variables are known. In the present case the approximations derived here were
only useful to validate part of the analysis since the means of some variables are not
available. A simulation was carried out to evaluate the partial analysis presented
and the results show that the theoretical formulae agree well with those obtained
in the experiment. The author intends to complete the analysis starting from the

contribution given here as well as investigate its extension to the floating-point case.
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Chapter 7

Conclusions and Suggestions

This chapter summarizes the results of the thesis and highlights a variety of worth
investigating problems for possible future research. The work focused on two fam-
ilies of adaptive filters and two new algorithms have been introduced in this the-
sis: the BiNormalized Data-Reusing Least Mean-Squares (BNDR-LMS) algorithm
and the Fast QR based on the updating of the a PRIori Forward prediction errors
(FQR_PRLF) algorithm. The investigation of these algorithms led to the study
of a number of relevant research results such as mean-square error analysis, con-
strained version of the BNDR-LMS algorithm and its application, lattice QR based
version, and finite precision analysis of the fast QR algorithms; all of them addressed

throughout the thesis.

7.1 Conclusions

The first chapter of the thesis presented a brief review of the adaptive filtering basic
theory with special attention to the LMS-like and QR decomposition algorithms.
Chapter 2 presented the BNDR-LMS algorithm and it was verified through com-
puter simulations that this algorithm compares favorably with other normalized
LMS-like algorithms when the input signal is correlated. For this algorithm, con-
vergence analysis in the mean-squared was presented for white input signals as well

as its extension to the case of colored input signal. A simple model for the input-



signal vector which imparts simplicity and tractability to the analysis of second-order
statistics is employed. The simulation results validated the analysis and the ensu-
ing assumptions. It can be concluded that the proposed algorithm (BNDR-LMS)
presents higher convergence speed for colored input signals than other LMS based
algorithms employing data-reusing with similar computational complexity and that
this higher efficiency is better observed in low noise level environment.

In Chapter 3, a constrained version of the BNDR-LMS algorithm was derived in
order to apply this algorithm to the field of mobile communications. In particular,
an example using this algorithm in a direct-sequence code-division multiple access
(DS-CDMA) mobile receiver scenario was carried out, and a step-size optimization
was proposed to accomplish the requirements of fast convergence and minimum
MSE. We conclude that, in environments where the (observation or modeling) noise
level is too high, the use of a variable step-size is necessary.

In chapter 4, the QR decomposition algorithms using Givens rotations were
presented in a tutorial form with the special objective of classifying the existing al-
gorithms in a comprehensive framework. This chapter derived the new FQR_PRI_F
algorithm and its relations with other members of the fast QR algorithms family.
The previously proposed algorithms were also rederived using the same notation.
The equations for the four fast QR algorithms classified in this chapter were also
provided along with their detailed algorithmic descriptions in appendix. According
to what was studied, the conclusion is that the FQR_PRI_B algorithm presents the
best performance (in terms of computational load and numerical behavior) among
the fast QR algorithms classified.

Chapter 5 presented the fully lattice versions of the FQR_POS_B and FQR_PRI_B
algorithms. The simulation results showed that the performance of the lattice ver-
sions in a finite-precision implementation is comparable with the original algorithms.

Finally, Chapter 6 addresses the finite precision analysis of the fast QR algo-
rithms using backward prediction errors (a priori and a posteriori). The finite pre-
cision analysis results already available from previous works are summarized with

the same uniform notation used throughout the thesis as well as a contribution to the
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fixed point error analysis is given with the study of the behavior of some expressions

in this finite precision environment.

7.2 Suggestions for Future Research

This section gives some suggestions for further research.

Concerning the BNDR-LMS algorithm, it seems to be interesting the investiga-
tion of the link between this algorithm and its extensions (i-normalized DR-LMS)
to the orthogonal-projection algorithm in addition to their relationships with the
RLS algorithm.

Another promising field of interest is the finite precision performance and analysis
of this algorithm.

From Chapter 2, it was clear that the model and the analyses used there can be
readily extended to other data-reusing algorithms that have not been considered in
the past due to exceeding complexity in the analysis expressions. This is another
contribution of this work that can be subject of future research.

Another suggestion is the possible improvement of the performance of the adap-
tive step-size if the colored input signal is considered in the derivation of the optimal
sequence.

Last, but not least, a few suggestions for further investigation concerning the
fast QR algorithms are pointed out. The completion of the finite precision analysis
is a topic of major interest.

Also the same notation and framework used in Chapter 4 could be extended to
derive the QR lattices [21, 22, 48] and verify their relationship with the Lattice RLS
algorithms.

Some variants of the FQR algorithms (some of them already developed and
available in the technical literature) also require some attention such as multichannel

versions and constrained versions with their applications.
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Appendix A

1. Equation (2.24):

E[2"(k)z(k — Da” (k- 1)z (k)]
— B sz(k —i)x(k —1—1i)x(k—1— (k- j)
=Y E[2*(k—i)a’(k —1—1i)] (4.1)

1=0

= (N +1)(03)"

2. Equation (2.25):

E {2 (k) 2k - DI - [ () - 1]}

=B |33 (k- ek~ 1- )| - B{[o" (Walk — 1))}
= 22 (k —i 2 (k—1-
2Bl 2, Eltk-1-) (4.2)

S 0] - e { e 1)

i=1
= (N> + N +1)(02)* + NE[z*(k)] — (N 4+ 1)(02)?
For stationary Gaussian-distributed signals, using the fourth-moment factoring

theorem we have E[z%(k)] = 3(02)? [29] and, therefore,

E{llz(k)|* ek = DI = [o" (k= 1)]"} = NN +3)(02)*  (A3)

3. Equation (2.26):
Let [-];; be the (7, 7) element of matrix [-], then

E { [z(k — )" (k — l)az(k)a:T(k)]ij}

w(k =1 —i)a(k— )Y x(k—1-Dak 1)

=0

—F (A.4)
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For Gaussian-distributed signals we may use the fourth-moment factoring the-

orem to obtain

E{@w—1nﬂk—nmwMHMb}

=Y {Bla(k—1—d)a(k—j)] Ela(k — 1= Dx(k —1)]

Y Bk —1—d)ak —1— D] Ez(k — j)z(k — )]

Bk —1— ek =D Eleth — ek —1-0) AP

(02)2, i=j or i=j—2

x

0, otherwise

4. Equation (2.27):
Once again, using the fact that for stationary Gaussian-distributed signals

E[z*(k)] = 3(c%)? [29], we have

E{[lle(k - 1) Pa(k)2" (k)] } = E

”

> (k=1 = Da(k —i)x(k — j)

N(o3)* + Elz*(k)],  i=j
0, otherwise
(N+3)(07)%,  i=

0, otherwise

(A.6)
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Appendix B

1. Equation (2.39):
In the derivation of (2.39) (k) and x(k — 1) were replaced by sir;V; and
Sk_1Th—1Ve_1, respectively, with V, L V,_,. Therefore, 7 (k)x(k — 1) = 0.

Furthermore, a second-order approximation for E[1/rZ] was used [4], i.e.,

where v, is the kurtosis of the input signal.

For R = 021, using (2.33) and (2.34) the expression for A¢(k) may be rewrit-
ten as
AE(k+ 1) = otr {cov[Aw(k + 1)]}
=o2tr {E [Aw(k + 1)Aw” (k+1)] }
= o2t (B {T + pA)Aw(k) Aw” (k)[I + pA]})
+ o2tr (E {p[I + pA]Aw(k)b" }) (B.2)
+ oztr (E {ubAw” (k)[I + pA]})
+ o2tr (E [1°bb"])

=p1+p2+p3+p4
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Evaluating each of these terms separately we obtain

pr = %t (E {1 + pA)Aw(b) M (5)[T + nAT})
= o2tr {cov[Aw(k)]}

_ ot { B -’B(k - l)wjf:lz(; i)?)TTQ(k)AwT(k)] }

e [

At :Aw(kmwﬂf(ﬁkli';)wT(k -]}

_ ot { B _M(kmﬁv:((/g)ﬁ(k)ﬂ(k)] }

+ 2ot (E {f”(’f — Dl (k - D?ﬁ?ﬁﬂiﬁ)w(k — D" (k- 1) })

+ portr {E
+ Wroltr {E
+ 2ot ( - {a:(k 27 (k) Aw (k) Aw” (k)2 (k)™ (k) })

=1+ Py 4o+ 1y
where

Yy = o2tr {cov[Aw(k)]}
= AL(k)
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(B.3)

(B.4)



 _0%E {tr [ “w - ?fj{’f’“mw”“] }

T T
o2 (k- DAw(k (k)x(k — 1)
- ’““’E{ ||a:k—1||2
—/sz —1 Aw
||w (k—1) ||2
T(k — )Aw(k — 1) + pn(k — 1)]°
2
= —po,E
{ |z (k —1)[?

= —u(l — p)’o2E [Aw” (k- 1)V 1 V) Aw(k — 1)] — p*02E [ ni(k - 1)}

2

( ) 3 2 2 1

D tr {cov[Aw(k — 1)]} — po,0, E [7"_1%]

( ) Mgan

Ty T me

(B.5)
e [0 (02w 2w (1
s = —pogt {E{ [ (k)|]? ”

= —poytr {E [V Vi Aw(k) Aw (k)] } (B.6)

po;
=¥ 1tr {cov[Aw(k)]}

W
—(NH)Aé(k)

Recalling that tr[AB] = tr[BA] for any square matrices A and B, we find
that

Yy =Py (B.7)

Vs = 3 (B.8)

121



) z(k — Dz’ (k — 1)Aw(k)Aw” (k)x(k — 1)x" (k — 1)
oo =stie (1{ otk = DI )
{A'wT(k)a:(k —Dax"(k - )x(k — )z” (k — 1)Aw(k) }
[ll(k —1)[|2)°
AwT (k)x(k — 1)xT(k — 1)Aw(k)
" (k — 1)

= /LzU:%E

= 1*0’F [

Y7 = proitr { Ez( T(k)Aw(k)A'wT(k)a:(k — D" (k—1)]}
= Po2tr {E[z(k — )a" (k — Ve (k)z" (k) Aw(k)Aw” (k)]}  (B.10)

=0

Vs = prostr {Elz(k — V)" (k — 1)Aw(k)Aw” (k)z (k)" (k)]}
= pPoztr {Elz(k)z" (k)x(k — 1)z (k — 1)Aw(k)Aw” (k)]}  (B.11)

Aw” (k) (k)" (k ) k)]
[l (k)]

= 1’0 E [Aw" (k)V Vi Aw(k)]

2,2 tr {cov [Aw(k)]}

v N+1
2

W
- N+ 1A§(k)

Therefore,

(B.12)

p1 = ootr (E{[I + pA]JAw(k)Aw” (k)[I + pA]})

(1) g e

k—1)+
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Similarly,

p2 = MUQE{bTI+MA]Aw k)
2

()
= pnosE [ ||a: || )]
n(k —z" —1Awwq

+ po B [ TPRTRRSATIE

o [T (k) Aw (k)
g E[ le(k)? ]

e [ = Dat (k- 1)Aw(k)
M E|: ||£13(/€—1)||2 :|

= 12(1— p)o’E {n(k - 1) [(1 —wxl(k —1)Awk — 1) + un(k — 1)] }

(% = 1)

= p3(1 = p)o2E [n*(k — 1) E {L]
_ o
C(N+2-v,) "

= p3

(B.14)

n?(k) n?(k — 1)
=) HECEE

Pe = [ 02E

B.15
24, (B.15)

:(N+2—%)
From (B.13)-(B.15) the difference equation for A¢(k) is finally obtained as in
(2.39)

:u2(:u_2)20_2
N+2—-y, "

+

(B.16)
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Appendix C

1. The FQR_-POS_F Algorithm:

FQR POS F

Initialization:

| ef(k) ||= € = small positive value;
drpo(k) = dp(k) = zeros(N + 1, 1);
cos0(k) = cos0, (k) = ones(N + 1, 1);
sin@(k) = sin@,(k) = zeros(N + 1,1);

v(k) =1
f(k) = zeros(N + 1,1);
fork=1,2,...

{ e (k+1) =k +1);
fori=1:N+1
{ egfgl(k +1) = cosei,l(k)egfqll)(k) — sinf;_y (k)AY2d g0, (k);
Ay, (k +1) = sind;_ (k)e', Y (k) + costi_ (k)N/?d o, (k);
}

erg (kb +1) = egc];le)(k +1);

I es(k+1) lI= /€3, (k+1) + X | es(k) |
costy(k+1) = N2 [ ep(k) || / || es(k+1) |
sinfy(k +1) = egg (k+1)/ || eg(k+1) |

c(k +1) =[1; zeros(N + 1,1)];
fori=1:N+1
{ enyami=—sinf, (k)ei;
= cosHbN L (K)ey;
}
fori=1: N+1
{ oldvalue = coug,,,;
Cauzip, = Sinei—l(k)caw?l + 60891'_1(I{7)Cauxi+1;
Caug; = €088;_1(k)Cauz, — sinb;_1(k)oldvalue;

}

oldvalue = cayy,;
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(Continuation of the FQR_POS_F Algorithm)

Cauzy = €050 (k 4 1)Cauz, — 51007 (k 4 1)Coupy a5
Cauznys = 5105 (k 4 1)oldvalue 4 cosO;(k + 1)Cauay s
c(k+1)=cus(2: N+3);
fori=1:N+1
{ oldvalue = c;
cost,_ (k+ 1) = oldvalue/cy;
sinfy,,  (k+1) = —ciq1/ca;
}
FED ke +1) = [F(k); sinfy(k + 1)y (k)]
auxy = fl(N+2)(k +1);
fori=1:N+1
{ aux; = costh,_ (k + 1)aux;_; — sint),_ (k + l)fi(ﬁfl“)(k +1);
filk +1) = sinfy_ (k+ 1)aux;_y + cost,  (k + l)fi(ﬁw)(k +1);
}
7(0)(k +1)=1;
fori=1:N+1
{ sinf_1(k+1) = fi(k+1)/yD(k + 1);
costi_1(k +1) = /1 — sin20;_1(k + 1);
YO (k +1) = cost 1 (k + 1)y (k + 1);
}
Yk +1) =y (k4 1);
e (k+1) = d(k + 1);
fori=1:N+1
{ e (k+1) = costiy (k+ ey " (k+1) — sinf_y (k + 1)AY?dy, (k);
dgo, (k + 1) = sinf_ (k + 1)el ™ (k + 1) + cosbi_1 (k + 1)AV2d s, (k);
}
eq (k+1) = e (k + 1);
e(k+1)=e4(k+1)y(k+1);
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2. The FQR_PRI_F Algorithm:

FQR_PRIF

Initialization:

| ef(k) ||= € = small positive value;
dfqg(k) = dqg(k') = zeros(N + ]., ].),
cos0(k) = cos0(k) = ones(N + 1, 1);
sin@(k) = sin@(k) = zeros(N + 1, 1);

1/(k) =1;
a(k) = zeros(N + 1,1);
fork=1,2,...

{ e (k+1) =a(k+1);
fori=1:N+1
{ e%l(k +1)= cos@i_1(k)e§fq D(k) - sinl; 1 (k)AY2d o0, (k);
\ dpgo; (k +1) = sinf;_; (k) (k) + costiy (k)N ?d go, (k);
g (k+1) = ey ™ (k +1);
ep(k+1) = epq (k+ 1)[1/7((16 )1]
+
a2 (k+1) = [a(k); 7A1/§\|ef il
auzy = al™ P (k + 1);
fori=1:N+1
{ aux; = costh._ (k)aux; 1 — sinb,_ (k)a Zflw (k+1);
ai(k +1) = sinb,_ (k)auz; 1 + costh,_ (k) Zﬁ” (k+1);

}

| eslk+1) = \fe%, (k+ 1)+ |l e (k) |
costy(k+1) = X7 || ep(k) | / | es(k+1) ||
sinfy(k+1) = egg, (k+1)/ || eg(k+1) |

c(k + 1) = [1; zeros(N + 1,1)];
fori=1:N+1

{ eny3i= —sin@{w“ (k)es;
¢ = costy. ., . (k)er;
}
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(Continuation of the FQR_PRI_F Algorithm)

Cauz = (05 e(k + 1)];
fori=1:N+1
{ oldvalue = coug,,,;
Cauzsy = ST0; 1(K)Cauzy + c080; 1 (k) Cana, 5
Caug; = €088;_1(k)Cauz, — sinb;_1(k)oldvalue;
}
oldvalue = cayy,;
Cauzy = €050 (k 4 1)Cquz, — Sin0f(k 4 1)Cauay 55
Canan s = Sin0f(k + 1)oldvalue + cosOf (k + 1)Cauzy 45
c(k+1)=cuz(2: N +3);
fori=1:N+1
{ oldvalue = c;
o =/cf+cly;
cost,_ (k+ 1) = oldvalue/cy;
sinfy,,_ (k+1) = —cip1 /e

/YO +1) = 1;
fori=1:N+1
{ 179k +1) = VA + DP +ai(k +1);

1/~G=D (k41
costi (k + 1) = M1 00D,

. a;(k+1)
sinb;_1(k+1) = %,

v(k+1) =1/[1/yN*(k + 1)];
ek +1)=d(k+1);
fori=1:N+1

{ e (k+1) = costi_i(k+1)ey (k+1) — sinf;_y(k + 1)AY?dy, (k);
qui(k + ].) = sin@i_l(k + ].)61(;1_1) (k’ + ].) + COSgi_l(k' + 1)>‘1/2dq2l(k);

}
e (k+1) = e ™ (k +1);
e(k+1)=re4(k+1)y(k+1);
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3. The FQR_POS_B Algorithm:
The first version of this algorithm is based on the fact that the last element of

Fk+1) (or fxp(k+1) = %) is known in advance or prior to its calculation.
7

FQR_POS_B - Version 1

Initialization:
¢ = small positive value;

I es(k) |- e
drp(k) = zeros(N + 1, 1);
dyo(k) = zeros(N +1,1);
cosB(k) = ones(N + 1,1);
sin@(k) = zeros(N + 1, 1);
f(k) = zeros(N + 1,1);
fork=1,2,...
{ e (k+1) =k +1);
fori=1:N+1
{ &9 (k+1) = cost_1(k)el, Y (k +1) — sindi_ (k)N ?dseay,,_. ();
dfq2N+2—i(k + 1) = Singi—l(k)e(fl(;ll)(k + 1) + COS@i_I(k’))\I/deqQNJF%i(k);

erg (kb +1) = egc];le)(k +1);

les(k+1) lI=y/e3,, (k+1) + X | es(k) |

| ef PV (k+1) [|=[| es(k+1) [;

fori=1:N+1

{1204 1) 1= /1l €7 (k4 1) |2+ (k 4+ 1);
costly,  (k+1) =l ek +1) || /|| k4 1) |
sind,, (k+1) =dpp,(k+1)/ || " (k+1) s

}
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(Continuation of the FQR_POS_B Algorithm - Version 1)

auzy = o(k+1)/ || €7k +1) |;
fnei(k+1) = auxg;

fori=1: N
fnyo—i(k)—sind;  (k+1)auz;—1
{ Pl +1) = g
auz; = —sintly_ (k + 1) fny1-i(k) + costly_ (k + 1)auz; i;
}
YOk +1)=1;
fori=1:N+1
{ sinbi 1 (k+1) = fapo ik +1) /75D (k +1);
costi_1(k +1) = /1 — sin20;_1 (k + 1);
YD (k4 1) = cost_1 (k + 1)y (k + 1);
}
Yk +1) =y (k +1);
ek +1)=d(k+1);
fori=1:N+1
{ ek +1) = costi 1 (k+ )ely Dk +1) — sinfi 1 (k + DA 2d gy, (k);
gy (k4 1) = sinbi_y (k + 1)l (k 4+ 1) + costi_y (k + V)N ?d gy, . (k);

e (k+1) = e ™ (k +1);
e(k+1)=re4(k+1)y(k+1);
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The second version of the FQR_POS_B algorithm is based on the straightforward

computation of f(k+1) according to (4.84) and requires the calculation of Hé‘;((kfi))”.

FQR_POS_B - Version 2

Initialization:

e = small positive value;

I es(k) 1=

dsepo(k) = zeros(N + 1,1);

dgo (k) = zeros(N +1,1);

cosB(k) = ones(N + 1,1);

sin@(k) = zeros(N + 1, 1);

f(k) = zeros(N + 1,1);

fork=1,2,...

{ &0 (k+1) =k +1);
fori=1:N+1
{ €9 (k+1) = cost_1(k)el, " (k +1) — sindli (k)N ?dseay,,_. (K);

dfgayse i (k+1) = sinfy_1 (k)elr ) (k + 1) + costy_1 (F)A2dea, ., (K);

}

erg (kb +1) = egc];le)(k +1);

| eslk+1) = \fe3, (k+ 1)+ A | e (k) |

lef PV (k+1) [|=|l es(k+1) [;

fori=1:N+1

{1204 1) 1= /1l € (k4 1) |2+, (k + 1);
costly,  (k+1) =l ™k +1) || /|| k4 1) |
sinfly (b +1) = dpg,(k+1)/ | ¥ (6 +1) ||

i

}
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(Continuation of the FQR_POS_B Algorithm - Version 2)

_ Y(K)esq, (k+1)
AUT0 = e k+Dl

fori=1:N+1

{ fisa(k+1) =costly | (k+1)fi(k) —sinby, . (k+1)auw;_i;

} aur; = sintly(k+1)fi(k) +costp, ., (k+1)auz;_i;

et = folk +1);

(b +1) = auzygg;

YOk +1) =1,

fori=1:N+1

{ sinbi 1(k+1) = fapo ik +1) /75D (k +1);
costi_1(k +1) = \/1 — sin20;_1(k + 1);
YO (k4 1) = cost;_1 (k + 1)y (k 4+ 1);

i(k +1) =Dk £ 1);

ek +1)=d(k+1);

fori=1:N+1

{ e (k+1) = costi_1(k+ 1)y V(k +1) — sind;_1 (k + 1A 2dga, ., (k);
Ay o (b + 1) = sinbi_y (k + 1)l (k + 1) + costi_ (k + DAY2dga, , (k);

eq(k+1) = el TV (k +1);
e(k+1)=e4(k+1)y(k+1);
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4. The FQR_PRI_B Algorithm:
The first version of this algorithm is based on the fact that the last element of

a(k+1) (or ayyi(k+1) = %) is known in advance or prior to its calculation.

This version was presented in [19].

FQR_PRI B - Version 1

Initialization:
e = small positive value;
| € (k) I|I=
I es(k) 1= e
dsepo(k) = zeros(N + 1,1);
dy (k) = zeros(N + 1,1);
cosB(k) = ones(N + 1,1);
cos@(k) = ones(N +1,1);
sin@(k) = zeros(N + 1, 1);
sin@'s (k) = zeros(N + 1,1);
a(k) = zeros(N + 1,1);
fork=1,2,...
{ e (k+1) = a(k+1);
fori=1:N+1
{ e%l(k +1) = cos@i_1(k)e§f;1)(k + 1) — sinb;_1 (k)N 2dggy o (K);
Argansri(k+1) = sinbi_1 (k)ef, Y (k + 1) + costy 1 (F)A2d gy, (K)
erg(k+1) = e;];lﬂ)(k +1);

z(k+1)
AUT) = — o
ESUEPIRITTR
ani1(k + 1) = auxy;
fori=1:N
aN+2_i(k)fsin0}i_l(k)aumi,l

3 k 1) = 7 )
{ anpii(k+1) costl, (k)

i—1

auz; = —sinlly_ (k)ani1-i(k + 1) + costy,  (k)auw; i;

}
| es(k+1) ll= \feb, (k+ 1) + X | ef(R) |
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(Continuation of the FQR_PRI_B Algorithm - Version 1)

N
1Sk +1) =l ef(k+1) ||
fortc=1:N+1
{1204 1) 1= /1l €7 (k4 1) |2+ (k 4+ 1);
N+2—1 N+1—1
costy, ., (k+1) =] e; + )(k + 1)(|z|\u{1”')e§c * )(k +1) |I;
sind . (k+1) =dgp,(k+1)/ | € (k+1) |

}

14Ok +1) = 1;

fori=1:N+1

{ 179k +1)= \/[1/7@—1)(/{ )2+ ady, (k+1);
(i-1)

sinfo-a (k4 1) = 55000

v(k+1) =1/[1/yN+ (& + 1)];

eV (k+1) =d(k +1);

fori=1:N+1

{ e (k+1) = costi_y(k+1)efy " (k+1) — sinf_y (k + D)\ 2dga ., _, (k);
gy (k4 1) = sinbi_y (k + 1)el™ ) (k 4+ 1) + costi_y (k + V)N 2d gy ., . (k);

eq(k+1) = el ™V (k +1);
e(k+1)=e4(k+1)y(k+1);
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The second version of the FQR_PRI_B algorithm is based on the straightforward
computation of a(k+1) according to (4.85) and requires the calculation of %.

This version was presented in [18].

FQR_PRI_B - Version 2

Inicialization:
e = small positive value;
| e (k) lI=e;
I er(k) I= &
dse2(k) = zeros(N + 1,1);
dy (k) = zeros(N + 1,1);
cosO(k) = ones(N + 1, 1);
cos8's (k) = ones(N + 1,1);
sin@(k) = zeros(N + 1, 1);
sinB's (k) = zeros(N +1,1);
a(k) = zeros(N + 1,1);
fork=1,2,...
{ el (k+1) = a(k+1);
fori=1:N+1
{ e (k+1) = costi_y (k)eliy D (k + 1) — sinfy_y ()N 2d oy, (K);
Argon i (k+1) = sinbi_y (k)ef, Y (k + 1) + costy 1 (F)A2d gy, (K)

erg(k+1) = e;];lﬂ)(k +1);
auUTn = erqy (k+1) .
0= Yk)A/2[es (k)|
fori=1:N+1
{ ai_1(k +‘1) = costy,  .(k)ai(k) —sind (k)auw; i;
aux; = smH}NHfi(k)ai(k) + cosH’NHii(k)au:vi,l;

e; (k+1) . .
e — Gk +1);

an1(k+1) = auzyiq;

leslk+1) lI= y/e3, (k+1) + X | es(k) |
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(Continuation of the FQR_PRI_B Algorithm - Version 2)

N
1Sk +1) =l ef(k+1) ||
fortc=1:N+1
{1204 1) 1= /1l €7 (k4 1) |2+ (k 4+ 1);
N+2—1 N+1—1
costy, ., (k+1) =] e; + )(k + 1)(|z|\u{1”')e§c * )(k +1) |I;
sind . (k+1) =dgp,(k+1)/ | € (k+1) |

}

14Ok +1) = 1;

fori=1:N+1

{ 179k +1)= \/[1/7@—1)(/{ )2+ ady, (k+1);
(i-1)

sinfo-a (k4 1) = 55000

v(k+1) =1/[1/yN+ (& + 1)];

eV (k+1) =d(k +1);

fori=1:N+1

{ e (k+1) = costi_y(k+1)efy " (k+1) — sinf_y (k + D)\ 2dga ., _, (k);
gy (k4 1) = sinbi_y (k + 1)el™ ) (k 4+ 1) + costi_y (k + V)N 2d gy ., . (k);

eq(k+1) = el ™V (k +1);
e(k+1)=e4(k+1)y(k+1);

135




